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On a Quantum Walk !
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‘ Open the “unopened” door

' (Blue Fudo _Oh)
32 e P B (Syoreun Monseki)

@ﬁ

%‘;’i" This is first opened at & &Rz g 5l
since the beginning.

¥ i

' Location: Around %1 2Z [5E(Chiouin)
30 min Walk with the south
direction along B X8 (East-Ohji
Street ) the from here.
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‘ Open the “unopened” door 1n Quanta.

gﬁgg}g %:'U"I'I ‘/1 1. Last year, | talked about the weak

value In this conference.
Ral=-/ETFOFWLIHF

10 FFIERE (B4 TR 200051075, Rt
V17 A1 | Yakir AharonovA{ > AE 1 —ES &)

HI A EHEPSES

il

tREEER

TERRLAD 2. Private Quantum Internet (*M‘Eé?é
KRoRen - £FJ—7% L) by Seth Lloyd
(BEEY A1 X 20101 A5, 2009411

A25B %5 FE, BHEREE)
s o Today’s Aim

BROZTFES

What “unopened” doors are potential
to open by a quantum walk?
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Outline

What is Quantum Walk?
Weak Limit Theorem

Mathematical Result on the Decoherence
Quantum Walk

1.  Randomness

2. Application: Quantum Measurement Problem

Conclusion and Open Questions
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‘ Random Walk v.s. Quantum Walk

One of the motivations to define the quantum walk was the

guantum analogue of the random walk.

: . (Y. Aharonov, L. Davidovich, and N. Zagury, Phys. Rev. A
Shift: due to the coin state 48, 1687 (1993))

Slz)|L()) = |z = 1IL{)) __ S|2)[R(T)) = |z + 1)|R(T))

4—

Walker Space [:2 (Z)
O

Coin Flip: Dynamics of
Coin Space: independent Quantum System,
of Walker Space

Unitary Operator
b
o | H=|“ c SU(2)
(C Qubit c d
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Quantum Circuit Representation

position

/

)

coin

Unitary operator

¥)

-

H

S

Rolling the coin

Classical Walk

xr,xs € 4

v et}

11/4/2009
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Shift of the position
due to the coin

Quantum Walk
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Probability Distribution

position /

\t

Unitary operator

H

S

Classical Walk

Quantum Walk

\ Rolling the coin

Pr(x;) = |

Pr(zy) = |(we| Tre(SH)'|2) (x| @ [¥) (D] ((SH)T)'|2¢)
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Example of Quantum Walk

Initial Condition

o Position: x = 0 (localized)

a Coin: |1)

Coin Operator: Hadamard Coin

1 (1 1
H:\/Q(l —1)

Let’s see the dynamics of quantum walk by 3 step!!
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‘ Example of Quantum Walk

0 1)
7\
1 1)/V2 1/V2
“ N/ \\
2T N2 e /2

7 N /N S\
3 IN/2v2 @M +)/2V2 iy 0v0 1)/2v/2

v
step Quantum Coherence and Interference

1/12 9/12 1/12 1/12  prob.
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100 step 1n Walks

Classical Walk

0.1

0. 0% antum Walk

0. 08

OL0Z

L iI.I.‘I.hl“li“ll-!l.l'l.ll.lIJlml.|I.|I.II.IIJIJ'Ii!JII.|||I|||I.||JLLI. .
=100 =50 50 100
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Weak I.imit Theorem

(Convergence in terms of the distribution)

Random Walk Central Limit Theorem

Xy In the case of ri
g ght and
Ji N(0,1)  ett probability %

Quantum Wa”( N. Konno, Quantum Information Processing 1, 345 (2002)
X I with the initial coin state
. = K(la]) po = (IL){L| + |R)(R])/2
density \/1 — 2
xlx:r) = I/ _ 7%
lu’ ( ) ) 7'('(1—3;’2)\/’["2—372 ( T‘,‘T‘)( )
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Experimental Realizations and Applications

Experimental Realizations

o Trapped Atom with Optical Lattice and lon Trap
M. Karski et al. Science 325, 174 (2009). 23 step
C. Roos, In private communication. 15 step?

2 Photon in Linear Optics (restricted)
A. Schreiber et al. arXiv:0910.2197. 5 step

Applications

o Universal Quantum Computation
A. Childs, Phys. Rev. Lett. 102, 180501 (2009).
N. B. Lovett et al. arXiv:0910.1024.

Realization of Quantum Walk = Quantum Computational Device
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Dirac Equation and Quantum Walk

Quantum Coin Flip X-€

X+€
~(8), . | cos(e)  —isin(e)
H>>(€) = {—isin(e) cos(€)

Note that this cannot represents Q(e) P(¢g)

arbitrary coin flip.

Time Evolution of Quantum Walk X

Vnt1(x) = Q(e)¥n(x — €) + Pe)¥n(x + €)

Qe) = [8 (f]— [(j 8]+O(62) Ple) - [(1, 8}— [8 (1)]+O(e?)
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‘ Dirac Equation from Quantum Walk
V. (z) = (I —ie(ox +020,) + O(e?)) " Yo(x)
~ e—i(J){--Jzam)t\IjO (I)

(=T

OV, (x e,
7 (‘;t( ) = (%%O’Z —I—JX) U, (x)

Motion of Dirac Particle : Walker Space

Spinor . Coin Space
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Summary of Quantum Walk

Definition

o Quantum Analogue of the Random Walk
Important Properties from the coherence and
Interference

a0 Deterministic Dynamics

o Faster Diffusion like the Ballistic Transport

o Inverted-bell Shaped Limit Distribution

Any quantum walk can be realized by the
artificial control.

Some quantum walk can be found in nature.
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Decoherence Quantum Walk

t _ O \ K. Zhang, Ph. D thesis at Temple University 2008

d step To measure the position

and the coin.

d step >Numbelr of Measurement

Xt

t =dM ) tl/QjN(’u’ )
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Simplified Model

t =20 N

d step

d step

t=dM
_

po = (|L)(L| + [R)(R])/2

To measure the position
and the coin and
prepare the new coin.

Number of Measurement
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‘ Main Theorem

Let {Yi(d)} be a sequence of an i.i.d. SQW on Z with the initial localized
position x = 0, the initial coin qubit po = (|L){L| + |R){(R|)/2, and the
quantum coin flip H = a|L){L| + b|L){R| + c|R){L| + d|R){R| € SU(2)
noting that abed # 0. Let X; = Zf‘il }Q(d) be a random variable on a
position with the time period d between measurements and the number of
the measurements M with ¢t = dM. If d ~ t?, then, as t — oo, we obtain

the limit distribution as
( N(0,1) on 3 =0

N(0,1—+/1—1a]?) on0<p<1 (1)
\ K(la‘) On/B: e
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Our Result

Changing the measurement timing.
t=dM

d ~ t°

M ~ t1=5.

Number of Measurement § ¢

After the measurement for the
position and the coin, the position
depends on the measurement result
and the coin state Is reset.

f: Time Scaling Order
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‘ Proof of Our Result

Since {K(d)} is i.i.d. sequence and X, = S22, }Q(d), we can describe the

characteristic function E(e%%+) as

2‘1’1‘1

B(e'€Xe) = {E(eiﬂ’f‘”)}M = { u STr[H%(k + £) - (k)

o . .
! dk} . Spatial Fourier

27 Transform

where H(k) = (¢'*|R)(R| + e~*|L)(L|)H. Let an eigenvalue of H(k) be Ei |
e*?(%) and h(k) = dp(k)/dk. Then, we can rewrite the integrand of Eq. 1 lgenv_a ue
for replacing & with £ /t'g and d with t? in the following : assuming 8 > 3, AnaIySIS

then we have
1. 578 gy ijp—t? §2 2 —2(6-8) Taylor )
§TI[H (k+&/t7)-H™ (k)] =1- 242(6—5) (h(k))* +o(t ), (2) Expans|on

where o(-) is the small o notation. By Eqgs. 1 and 2, only if 2(6 — 3) = 1— 3,
then there exists the limit distribution as follows:

E(Ei‘ﬁxfmﬁa) — e §9@/2 55t 4 o0, (3)
where
2m
o(@? = [ ()G, = 1= VI aP. (@
0
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Interpretations for Our Result

Randomness \

2 Where does it come
from?

o Can we define the
guantity of the
randomness? 9 Y

Measurement Problem

o Based on "Copenhagen
Interpretation” 0 3 1
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‘ Demonstration of Random Walk

Brownian motion was demonstrated by Perrin using the limit distribution of the Pollen.

| .-n!:“ ‘ i—'=---
- w_d¥m \ * lo N ‘
-, //ﬂ— A SZE_}, ,_".f, B ..__._.'iI ~ ‘\\\
TN . /4 b4 : NN
> ! | A . NN
oYy T J], / / rnn <R — ) -\ '\
-‘Pi-.s u | ERT R 1’{'( 21 \* \ -
= ot . & -F. a
m‘{ =TT 4| s . ¥ jr - -
~ NEEN e IR QLA R H
. ) | N / | %o 4
TR TR SRS T/ T
v~ The origin of randomness is A5 A
: . /
/28 environment (water molecule). A A
AT T = . +~ : - —
| AL
A A S

J. Perrin, Ann. chim. et d. phys. VIII 18, 5 (1909).
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Randomness in Quantum Walk

The description of \
environment 1 T
corresponds to the

one of quantum

measurement.

6) °
Quantification of
randomness
o There does not exist

guantum-classical
transition. 0 5 1
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Application:

Quantum Measurement Problem

= Based on “Copenhagen Interpretation”
1. We cannot know its dynamics.
2. We can know its dynamics.

= Projective Measurement

o To forget the memory
a  Quantum-classical transition, state reduction

Conjecture (H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems)

The dynamics of the projective measurement
can be taken as the Markov process.
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Quantum Measurement Problem

If the projective 1
measurement can be
taken as the Markov
process (Conjecture),

our result hastobe 6 ¢
the green line.

However, our
mathematical result I1s
red linel! 0
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Application:

Quantum Measurement Problem

= Based on “Copenhagen Interpretation”
1. We cannot know its dynamics.
2. We can know its dynamics.

= Projective Measurement

o To forget the memory
a  Quantum-classical transition, state reduction

COnjeCtU C (ITmmRrever and F. Petruccione, The Theory of Qperr®antum Systems)

The dynamics_oftheProTeetie measurement
an-getaken as the Markov process.
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In other words, Arrow of Time

According to the 1
“Copenhagen
Interpretation”, the
projective measurement

produces the arrow of 0 ¢
time.

Our result supports to

gradually emerge the

arrow of time by the

projective measurement. 0 B
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Summary of Decoherence QW

K(|al)
There exist the 1 \ o
guantification of
randomness.

The dynamics of the 0 ¢
projective
measurement cannot
be taken as the
Markov process. 0 3 1
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Conclusions

Introduction to Quantum Walk

o Definition and Important Properties

In the case of the quantum walk with the multi-level coin,
there appears in the localization.

Decoherence Quantum Walk

0 Weak Limit Theorem

o Quantification of Randomness

0 Application to Quantum Measurement Problem
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Open Questions

Physics
0 Many-Body System and Quantum Walk?
Mathematics

0 Quantum Probability and Quantum Walk?
2 Quantum Ito Formula??

Information
0 Other Useful Applications?

Other
0 Meaning of Quantum Analogue?
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