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Introduction

@ The ODE/IM correspondence is a relation between spectral analysis
of ODEs, and the “functional relations” approach to 2d quantum
integrable models(IM). [Dorey-Tateo]

@ This is an example of the correspondence between classical and
quantum integrable models
@ has many applications

» gluon scattering amplitudes in /' = 4 SYM at strong coupling
[Alday-Maldacena]

» BPS spectrum in N = 2 SUSY gauge theories [Gaiotto-Moore-Neitzke]

» gauge/Bethe correspondence [Nekrasov-Shatashvili]
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Minimal surface in AdS and quantum integrable system

Alday-Maldacena, Alday-Gaiotto-Maldacena
@ String theory in AdS spacetime
@ moving frame eq. in AdS=Hitchin system

@ linear problem of the Hitchin system = functional relations for the
Stokes coefficients

@ Y-system and the TBA system [Alday-Maldacena-Sever-Vieira]

e relation to the Homogeneous Sine-Gordon model SU(N); /U (1)N 1
[Hatsuda-Ito-Sakai-Satoh]

Hitchin system = affine Toda field equations (Pohlmeyer reduction)
@ AdS;3 : modified sinh-Gordon equations [Alday-Maldacena]
e AdS,: B affine Toda equations [Burrington-Gao]
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@ Lukyanov-Zamolodchikov (2010) studied the linear problem
associated with the modified sinh-Gordon equation in the context of

ODE/IM correspondence (Agl))

@ The results were generalized to the case of Tzitzéica-Bullough -Dodd
equation by Dorey et al. (2012).( Agz))

@ minimal surface in CP,: A,,_1 affine Toda equation
[Bolton-Woddard|

We will
@ Introduce the affine Toda field equation and its linear problem
@ Discuss the conformal limit and the Bethe ansatz equations for affine
Lie algberas
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The general scheme of the ODE/IM correspondence for affine Toda
equation is [Dorey-Faldella-Negro-Tateo]

ODE — — CFT
ODE/IM  massless TBA

1t Conformal limit 1 UV limit

‘ Linear problem ‘ = =

massive  massive TBA
T ODE/IM
‘ Hitchin system ‘
f

‘affine Toda equation ‘
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@ Introduction

© ODE/IM correspondence and modified sinh-Gordon equation
© affine Toda field equations

@ Conformal Limit and ODE/IM correspondence

© Outlook
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OED/IM correspondence

[Dorey-Tateo, Bazhanov-Lukyanov-Zamolodchikov]

e ODE
> 0+ 1)

dx? 22

+ 22M E} y(x, B, 0) =0

M M
.. . T2 M1
@ large, positive x asymptotics: y ~ “ o exXp <—M—+1)

® {yk,yr+1} forms a basis of solutions for the ODE:
(3, B, ) = wiy(w ™, 0™ B, () (w = exp(55L5))
@ They obeys the Stokes relation

C(E,f)yo(l‘, E,E) = y—l('ra E7£) + yl(x7Ea€)

The coeffiecient C'(E, ¢) is called the Stokes multiplier.
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o small = asymptotics: ¥ (z, F, £) ~ z**! (other solution is %)
o Take the Wronskian of both sides of the Stokes relation with

C(E, OWlyo, Y|(E, €) = Wly—1, ¥|(E, ) + Wlys, ¥|(E, £)
Setting D(E, ¢) = Wyo, 9], the above relation is
C(E,0)D(E, ¢) = w2 D(w?E, ) + w2 D(W2E, 0)

T-Q relation: (D: Q-function (spectral determinant), C: T-function)
o Yy =(x,E,l), Yy =¢(x,E,—f — 1) are linearly independent

solutions. The Wronskian Wi, 1_] yields the quantum Wronskian

relations for D. ) )

(20 +1) =w 2D _(w'E)D, (wE) — w2 D_(WE)D4 (w'E)
@ One can then derive the Bethe ansatz equation from the quantum

Wronskian relation.
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ODE I(ntegrable) M(odel)
[—% + g(i%l) + 22M EJ y=20 6-vertex model
energy F spectral parameter
degree of potential M anisotropy
angular momentum / twist paramter
Stokes multiplier C(E, ¢) Transfer matrix (T-function)
spectral determinant D(FE, () Q-operator
the Stokes relation T-Q relation

e relation to (boundary) conformal perturbation theory [BLZ,
Bazhanov-Hibberd-Khoroshkin, Kojima]

@ generalization to ABCD type [Dorey-Dunning-Masoero-Suzuki-Tateo]
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modified sinh-Gordon equation: Agl)

[Lukyanov-Zamolodchikov 1003.5333]
modified Sinh-Gordon equation
0:0:1 — ¥ + p(2)p(2)e 1 =0, p(z) = 22N =M

zero curvature condition [0+ 4,0+ A] =0

1
A = B .o — e (otel + o pe )
- 1
= —5827103 —e Yote" o pe )
asymptotic behavior of 7(z, 2) at p — 0,00 (z = pe'?)
e n— Mlogp (p— o)

e n—Lllogp (p—0)
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linear system and its solutions

linear problem (9 + A)¥ = (04 A)¥ =0
linear problem is invariant under 2: ¢ — ¢ + 17, 0 — 0 — %
Il: § —0+in

p — 0 basis ¥ (p, ¢|0)

p — oo , from the WKB analysis, subdominant solution is

M M1
— e 2 2p .
=~ i — h(6 M+1
(6_Ag¢ )GXP< T (0 +i(M + )¢)>

—_
—
—

Q-(0)¥4 +Q+(0)¥-
Q+(0) are the Q-function of the quantum Sinh-Gordon model
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From MShG to ODE

o take the light-cone limit Z — 0. Then linear system reduced to a
differential equation.

[c’ﬂ—u—e pw 0, u=(d.n)*— 0

s2M 61+M fixed

[_ag + —W; 2 xQM} Y = By

Schrodinger type ODE: [Dorey-Tateo,
Bazhanov-Lukyanov-Zamolodchikov]
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affine Toda field equations (1)

g: a simple Lie algebra of rank r

[Ea, Eg] = Na,ﬂEa-i-Ba for a4+ #0,

2c0- H
[Ean—a] — 2 9
o
[H', E,] = o'E,.
ay,- -+, o the simple roots of g
ay, -+ ,a): simple coroots

ag = —0 (0: the highest root)
(dual) Coxter labels: 7 na; =Y ;_yn'a) =0.
(dual) Coxter numberh, h":

hzini, hV:ZnZ\/.
i=0 ‘
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affine Toda field equations (2)
2 r
L= %8%& - Op — (%) an lexp(Ba; - ¢) — 1],
1=0

")+ (%) > niaiexp(Beig) = 0.
=0

complex coordinates: z = (2% 4+ iz!), z= J(2 —ial)
conformal transformation (p*: co-Weyl vector)

2 i=f(2), ¢—d= ¢—Bp log(0f0f),

modified affine Toda equations:
09 + ( . ) lzmaz exp(Baid) + p(2)B(Z)noao exp(Bags) | =0,

p(z) = (0" B(z) = (ON)"
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Lax formalism

@ The modified affine Toda equation can be expressed as a linear
problem: (9 + A)¥ =0 and (9 + A)¥ =

,
A= gagb - H +me {Z \/ng/Eaiego‘i‘z’ +p(2) n(\)/anega°¢} ,

A 3 — a Sa
Az—gaqﬁ-H me ’\{ \/ E_ae2 i 4 p(2)/ny E—ape? °¢}

@ zero-curvature condition: [0+ A,0 + A] = 0 = affine Toda field
equations

Katsushi Ito (TokyoTech) ODE/IM Budapest 15 /29



symmetries and p(z)

@ Motivated by the ODE/IM correspondence, we put

p(z) = MM — M p(z) = PN _ M

@ h: the Coxeter number, and M is some positive real parameter

@ We define the transformation Qk

27ki
Z — ze hM

27ki
S — se hM

2mwki
hM

A= A=

@ The quation of motion and linear problem are invarinant under Q. for
integer k.
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asymptotic behavior of the Toda field

@ In the large |z| limit, we assume that the asymptotic solution to the
modified affine Toda equation is

d(z,2) = %pv log(zz) + O(1)

e For small |z|, we assume logarithmic behavior, with expansion

2,2) = 2z 0) 2,z - %ggci(g)
8(2:2) = glo8(22) +6(9) +1(:5.9) + 3 O (AT 4

@ Substituting this expansion into the Toda equation, we can determine
the constants C;

@ The exponents are found to be ¢; +1 =1+ Ba; - g > 0.
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Ay(nl) modified affine Toda [KI-Locke, Adamopuolou-Dunning]

@ This is the simplest algebra to start with, and includes the
sinh-Gordon model as a specific example

@ the fundamental representation with highest weight w;

weights are hy = wy, h; = w; — wjit1, hry1 = —w,, where w; are the
fundamental weights defined by w; - oc}/ = ;i

@ The linear problem (9, + A)¥ =0, ¥ = (41, ,8r11)

holomorphic connection:

B
§h1 -0 mete2*1® 0 0

B
0 ghz 8¢  mere22?

B
ghr -0 mete2°?

B
me*p(z)e2 0 0 B hor - 06
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8 8
@ gauge transformation: U = diag(e_2h1'¢, e ,6_2}”“'43)

A=UAU '+ UU™Y, ¥ =UY,

Bh10¢ me* 0 0
0 BheOp me :
A = .
: Bh,y0¢ me?
me*p(2) 0 Bhy10¢
@ the linear problem becomes a single (r + 1)-th order differential
equation

D(hyi1) -+ D(ha)1 = (—me™)"p(2)r.

D(h) =0+ Bh-0¢
@ scalar Lax operator (Drinfeld-Sokolov reduction)
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@ For the barred linear equation, a different gauge transformation is
used to simplify the equations

8 B =
U = diag(e2™? ... e2h+19) & =U¥
@ The full lienar problem gives the differential equations

D(hps1) -+ D(ha) = (—me*)'p(2)¢
D(=hy) -+ D(=hpi1)Y = (me~)"p(2)0

where ¢ = 151 and ¢ = @Zr+1
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the linear equation asymptotics

e For small |z|, using the asymptotic behavior of ¢ and substituting
1 ~ 2z, the indicial equation gives

,uizi—ﬁhﬂ.l-g for iZO,l,...,T.

o orderd p; < pit1
e For large |z| limit, the relevant differential eq. becomes

(0 + (=1)"(me)"'p(2))9 = 0,

@ a WKB analysis gives the unique asymptotically decaying solution in
the Stokes sector |arg z| < %

rM ZM+1 A
Y~ 27 2 exp (_M+ Tme +g(2)> ,
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Massive ODE/IM correspondence

e For small |z| solution 1)) ~ 2% define the vector ¥(?) with
i _ Bp..
(UD); ~ 8ij(z/2) 2",

@ For large |z| the solution is

_irMé
e 4
i(r—2)M0
e~ 1 2pM+1
Z(p,0|A) ~C _ exp <_M—+1 m cosh(X + i0(M + 1)))
irMG
e 4
@ we can expand = as
r
== 3 Qi

i=0
For Agl) (sinh-Gordon) Ag2) (Tzitzéica-Bullough-Dodd), the
Q-coefficients correspond to the Q-function of a 2D massive QFT.
Aﬁl): Kl-Locke, Adamopoulou-Dunning, 1401.1187
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Conformal Limit and ODE/IM correspondence
o First we take the light-cone limit Z — 0 and we define the conformal

limit z — 0, A — oo with fixed

T = (me)\)l/(MJrl)Z’ E— ShM(me)\)hM/(MJrl)
@ The differential equation becomes
[Dalhrs1) -+ Do) = (<1)'plx, B) | w(x, . g) = 0

where D, (a) = 0, + %L and p(z, E) = 2" — E.
@ This is the ODE for A,-type Lie algebra Suzuki, Dorey-Dunning-Tateo

e By writing out the unique asymptotically decaying solution {(z, E, g)
to this equation in terms of the small z basis x() ~ z# 4+ O(zHith),

we have &(z, E, g) = Y._, QV(E)XY (x, E, g)
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e Symanzik rotation ¥ (z, F, g) = ¥ (wFz, QFE, g) with
Q =exp(i 12\}41‘_/[1) and w = exp( )
e auxiliary functions: (@ @ (h1-g, - hacr) (a=2,---,7)
2 2
e A, 1-system (Pliicker reIatlons)

w(a—l)w(aﬁ-l) [w(a ?¢(l ]’ w(o) — w(n) =1

quantum Wronskian relation

Q(a+1)Q(a71) — w%(ﬂu*#a 1 Q 2@(1 _w2(ua 1— ua)Q(a Q (a)
T2 2

1
2

Bethe ansatz equation

QU (EQY(ENQT ) (BY)

A ry e 7 N 1 e 5 g vy e
Q1Z/2 (En)QY (Ex )Q1Z/2 (En’)

where EY) are zeros of QY (E).

Katsushi Ito (TokyoTech) ODE/IM Budapest 24 /29



Other affine Lie algberas[KI-Locke]

@ We will consider the other affine Lie algebras and find the

(pseudo-)diffrential equations associated to the linear problem for the
fundamental representation.

A D(h)¢ = (=me)"p(2)¢

D DN D)y = 271 (me*)"/p(2)0v/p(2)¢
B D(h')oD(h )w—zr me Faﬁw
A5 D(h')D(h) 2“me " /p()0+/p(2)¢
o D)D)y <mek>hp<z>w
D&, <h*)a ()¢ = 27+ (me*)*"p(2)0 " p(2)¥
ASY D(h!)oD(h )b = —2 V(me Mip(2)y
G (hf) D(h)y = 8(me) Fafw

, D(h")dD (h)w+(w+1)2f(me )*D(h7)p(2)
DY | —(w +1)2v/3(me*) pD(h) — 8v/3w(me)> D(—h1)\/pd\/pD(h1)

+(w — 1)*12(me*)*pd~ 'p}y = 0

D(h) = D(h,)---D(h1), D(h") = D(=h1)---D(=h,) for h = (hy,--- , h1)
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Langlands duality

affine Toda equation

ODE(Dorey et al.)

AW A,
(B))Y = A B,
ey = p&)| C,

DY D,

e modified affine Toda equation for the Langlands dual (g)"
corresponds to the g-type Bethe ansatz equation

Katsushi Ito (TokyoTech) ODE/IM
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@ In Dorey-Dunning-Masoero-Suzuki-Tateo (2007), they found a set of
pseudo-differential equations associated to classical Lie algebras
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Lie algebra isomorphism

To check our formalism, it is worthwhile to verify some isomorphisms.
e Dy =A1® A

Ap, =1 ®A£41 +As, ®@la & Appa, = Aa, @A;‘l

which is equivalent to ¥ p, = ¥y
» ODE for A;: D(—hy)D(hy)y = me p(2)1
ODE for A}: D(—hg)D(ha)y' = me*p(2)y’
» ODE for Ds:
D(=h1)D(=h2)0~' D(h2) D(h1)¢p, = 4(me*)?\/pd /Db,
@ D3 = As spin rep. of D3=vector rep, of Az
o BQ = 02
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Outlook

o Investigate effects of using p(z) = (2MM/K — hM/KYK

e ODE/IM for affine Lie algebra of type B,(nl), Cﬁl)
° qu)
r = 1 Tzitzéica-Bullough-Dodd model [Dorey-Faldella-Negro-Tateo]
@ exceptional type ODE/IM( Gél) and Df’), F4(1) and Eéz), Eﬁl))
e Matrix ODE/IM correspondence [Sun] auxiliary function 1),

correspond to the highest weight component in the rep with h.w. w,.
-system = quantum Wronskian =— BAE

@ super affine Toda field theory based on affine Lie superalgebra

@ generalized Drinfeld-Sokolov reduction
[Balog-Feher-O'Raifeartaigh-Forgacs-Wipf]

e minimal surface in C'P™ and other applications (vortex,
Nekrasov-Shatashvili etc.)
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W-system for G

(o A )

1/2 1/2) =@

) = g

~1/3® ‘I’(()l) gy

(w2 Aol v

1/6 1/6

[Dorey-Dunning-Masoero-Suzuki- Tateo]

° Ggl)
(2) (2)
L(\Iil/2 A \111/2

1 1
W0 /)2 Ao /)2

) =wo
) =0 v gw®
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