
Lattice QCD session
のまとめ

佐々木 勝一 (東京大学)

「ストレンジネスを含むクォーク多体系分野
の理論的将来を考える」研究会



プログラム（27日）
「現実的シミュレーションの取り組み」

金児隆志(KEK)「厳密なカイラル対称性を持つ現実的なシミュレーション」

浮田尚哉(筑大)「PACS-CSの取り組み」

「格子QCDで探るハドロン間相互作用(パート１)」

山崎剛 (筑大)「格子上での散乱・共鳴・束縛状態」

佐々木潔(東工大)「I=2 ππ波動関数と散乱位相」

室谷心(松本大)「Kπチャンネルの散乱長」



プログラム（28日）
「格子QCDの現象論への応用」

駒佳明(沼津高専)「重いクォーク間ポテンシャルの物理的意義とその精密化」

山本新(京大)「格子QCDと現象論的モデルによるheavy-heavy-lightクォーク　
ポテンシャルの研究」

新谷栄悟(基研)「格子上でのハドロン相関関数とそのOPE展開」

「格子QCDで探るハドロン間相互作用(パート２)」

初田哲男(東大)「核力プロジェクトの現状」

根村英克(理研)「格子QCDによるハイペロン-核子相互作用の研究



シミュレーションの現状

動的クォークの数
２＋１フレーバー（mu=md≠ms, mc,b,t=∞）

格子間隔（カットオフ）
1.7 GeV - 2.2 GeV 

有限体積（空間のサイズ）
2.0 fm - 3.0 fm

クォークの質量（π中間子の質量)
400 MeV 以下



まとめ（私見）

カイラル摂動論、QCD和則、1/m 展開

実験で観測できる物理量

output input



まとめ（私見）
格子QCD計算

カイラル摂動論、QCD和則、1/m 展開

実験で観測できる物理量

精密なinput

精密なoutput

我々はその入り口にいる



現実的シミュレーションの取り組み

日本における主な拠点

筑波大学（PACS-CS collaboration)

KEK（JLQCD collaboration)

理研BNL（RBC collaboration）



国産超並列クラスタ(2560 CPU, 14.3 TFlops)

宇川, 金谷, 青木, 吉江, 石塚, 蔵増, 谷口, 石井, 浮田,   
加堂, 山崎(筑波), 大川, 石川(広大), 佐々木(東工大)           
+ 初田(東大), 根村(理研) 

日本における格子QCDの総本山

特色

物理的クォーク質量近傍でのシミュレーション

PACS-CS at U. Tsukuba 



Experimental results are reproduced to within a few %

CP-PACS 
collaboration

u,d,s (2+1 flavor)
u,d (2 flavor)
quench approx.

Lattice Hadron Spectroscopy



Physical point に向けて
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CP-PACSからのアップグレード

▲　CP-PACS

●　PACS-CS
physical point　

PACS-CS collaboration

• Nf=2+1 simulations

• O(a)-improved Wilson quark

• 323 x 64 lattice

• a = 0.09 fm (a-1 = 2.2 GeV)

• V=(2.9 fm)3

mπ = 156, 164 MeV

Ukita, arXiv:0810.0563

浮田さん（筑波）



27κud = 0.137785,κs = 0.13660
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κ ud=0.137785

ChPT experiment κud = 0.137785

mMS
ud [MeV] 2.53(5) − 3.5(3)

mMS
s [MeV] 72.7(8) − 73.4(2)

fπ [MeV] 134.0(4.2) 130.7 ± 0.1 ± 0.36 129.0(5.4)

fK [MeV] 159.4(3.1) 159.8 ± 1.4 ± 0.44 160.6(1.4)

mπ = 164(4) MeV

カイラル外挿後

PACS-CS



JLQCD at KEK 

IBM BlueGene/L (10 racks = 57.3 TFlops)

橋本, 金児, 松古, 山田, 野秋(KEK), 青木, 山崎(筑波),          
大野木, 新谷(基研), 深谷(名大)

若手主体のCollaboration

特色

厳密なカイラル対称性を持つシミュレーション

Overlap fermion 形式 (Wilson fermionの50-100倍のコスト)



simulations
implementation
parameters
measurement

2.2 parameters
Nf =2 runs : completed

Iwasaki-gauge + overlap + ∆W

β=2.30 ⇒ a ≈ 0.118(2) fm (r0 =0.49 fm)

163 × 32 lattice⇒ L$2 fm

6 values of mud ∈ [ms,phys/6, ms,phys] for Q=0

10000 HMC trajectories at each mud

Q=−2, −4 at mud∼ms,phys/2

Nf =2 + 1 runs : on-going
β=2.30 ⇒ a ≈ 0.107(1) fm (r0 =0.49 fm)

163 × 48 lattice⇒ L$1.7 fm
2 ms’s = ms,phys, 1.3 × ms,phys ; 5 mud ’s ∈ [ms,phys/6, ms]; 2500 traj.

243 × 48 lattice⇒ L$ 2.6 fm, MπL!3.7
ms ∼ ms,phys ; mud ∼ ms,phys/6, ms,phys/4; 2500 traj.

simulations with Q (=0 are on-going

T.Kaneko Realistic simulations w/ exact chiral symmetry

2 flavor simulation

JLQCD

金児さん（KEK）



results chiral condensate
strange quark content

1 chiral condensate
chiral condensate
JLQCD/TWQCD’s simulation w/ exact chiral symmetry
⇒ study spontaneously breaking of chiral symmetry (Nambu, 1961)

can be determined from several sources
topological susceptibility : χt =Σmq/Nf

GMOR relation : Σ=BF 2

eigenvalue distribution in ε-regime :
comparison w/ ChRMT
(Damgaard-Nishigaki, 2001)

meson correlators in ε-regime

all result are determined w/ ! 5%
accuracy

〈q̄q〉 from various sources are consistent
with each other

results for 〈q̄q〉

220 240 260 280

Σ
1/3(2 GeV) [MeV]

ε-regime eigenvalue

p-regime eigenvlalue

ε-regime correlator

topological susceptibility

GMOR

⇒ quantitative confirmation of spontaneous chiral symmetry breaking !!

T.Kaneko Simulating lattice QCD w/ exact chiral symmetry

５つ
の異
なる
方法
によ
る　
　の
測定

〈q̄q
〉

JLQCD



results chiral condensate
strange quark content

2. strange quark contents

y parameter

y =
2〈N |s̄s|N〉

〈N |ūu + d̄d|N〉

⇒ direct search of dark matter (XMASS, ...)

chiral fit + Feynman-Hellman
O(p3) PQBChPT
gA, g1,ηNN fixed

chiral symmetry removes a large
contamination in “∂MN/∂mbare

sea |mbare
val

”
(UKQCD, 2002)
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JLQCD, ’08 (Nf=2)

UKQCD, ’02 (Nf=2,sub.ed)

UKQCD, ’02 (Nf=2,unsub.ed)

SEAM, ’99 (Nf=2)

Dong et al. ’96 (Nf=0)

Kuramashi et al. ’96 (Nf=0)

ChPT (2-loop)

ChPT (1-loop)

y = 0.030(16)(+6
−2) ⇔ smaller but natural ?; need to extend to Nf =3

T.Kaneko Simulating lattice QCD w/ exact chiral symmetry

subtractionなし

カイラル対称性の破れに起因

JLQCD



JLQCD at KEK 

新谷さん(基研):格子上のハドロン相関関数とそのOPE展開

4クォーク凝縮：

vacuum condensate

Wilson coefficient (perturbatively calculable)

i

∫
d4xeiq·x〈TjA(x)jB(0)〉 =

∑

n

CAB
n (Q2)〈On〉

 OPEではQ－6 の振る舞いを予想 

→ 格子QCDでも同様の振る舞い



JLQCD at KEK 

新谷さん(基研):格子上のハドロン相関関数とそのOPE展開

4クォーク凝縮：

vacuum condensate

Wilson coefficient (perturbatively calculable)

i

∫
d4xeiq·x〈TjA(x)jB(0)〉 =

∑

n

CAB
n (Q2)〈On〉

•　系統誤差(2nd)は a8 term の有無で評価
•　現象論的モデルの評価： a6= -0.003~-0.009 GeV6 , 
b6~0.03a6 vacuum saturation 

approx.

a6 = −0.0038(3) GeV6, b6 = +0.0017 ∼ −0.0008 GeV6



Riken-BNL-Columbia at RIKEN-BNL 

QCDOC (10 TFlops) = BlueGeneのプロトタイプ

青木, 出淵, 石川(理研BNL), 江尻(BNL), 太田(KEK), 
佐々木(東大)（山田, 野秋, 山崎, 土井, 梅田、、、、）

国際的なCollaboration(日米英独)

特色

現実的な対称性を持つシミュレーション

QCDOC with RBRC & BNL Lattice theorists



Research projects
K meson physics Nucleon structure

QCD thermodynamics

Precise fK / fπ
Strange quark mass
ε (indirect CP violation)
ε’(direct CP violation)
ΔI=1/2 rule
CKM matrix |Vus|
η’ mass problem

Charges gA, gT

Nucleon form factors
Nucleon structure function
Hyperon beta decay
Neutron EDM
Proton decay

Phase transition temperature Tc

Order of phase transition
Equation of state for QGP
Fate of J/ψ (heavy quarkonium)
Transport coefficients of QGP

RBC



2+1フレーバーDWF

• Domain Wall Femion + Iwasaki gauge action

L=16 ensemble: 
 RBC+UKQCD Collaborations (C. Allton et al.), Phys. Rev. D76 (2007) 014504

L=24 ensemble:
 RBC+UKQCD Collaborations (C. Allton et al.), Phys. Rev. D78 (2007) 114509

M5=1.8 for DWF 

L3 × T × Ls (amu, ams) β a−1 (GeV) L(fm) mπ (MeV) amres τ MD
(0.01, 0.04) 400 4000

163 × 32× 16 (0.02, 0.04) 2.13 1.62(4) 1.94 527 3.08 ×10−3 4000
(0.03, 0.04) (ρ) 627 4000
(0.005, 0.04) 331 4500

243 × 64× 16 (0.01, 0.04) 2.13 1.73(3) 2.74 419 3.15 ×10−3 5000
(0.02, 0.04) (Ω) 557 3500
(0.03, 0.04) 672 3000

1

RBC



• Basic fundamental results:

•  

•  

•   

• Specific physics: 

•  

•  

L=24 ensemble

mMS
s (2GeV) = 107.3(4.4)(9.7)MeV

ΣMS(2GeV) = (255(8)(8)MeV)3

BMS
K (2GeV) = 0.524(10)(28)

fK→π
+ (0) = 0.9644(33)(34)(14)

mMS
ud (2GeV) = 3.72(16)(33)MeV and

fπ = 130.7(1)(4)MeV and fK/fπ = 1.205(18)

RBC+UKQCD, Phys. Rev. Lett. 100 (08) 032001

RBC+UKQCD, Phys. Rev. Lett. 100 (08) 141601

RBC
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FIG. 3: gA vs. mπL
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FIG. 4: Chiral and infinite volume extrapolation of gA.

2

1.267(3) FVE correction is evaluated by a 
guidance of the scaling in mπL 
observed in the data

at physical pion mass

gA=1.26(6)(4)

Ansatz:

fV (x) = e−x,
1
x3

,
e−x

√
x

Less than 1% FVE requires L=3.4-4.1 fm (mπL=5.7-6.9) at mπ=0.33 GeV

T.  Yamazaki et al, (RBC+UKQCD Collaborations),  PRL 100 (08) 171602

gA(mπ, L) = A + Bm2
π + CfV (mπL)

Chiral extrapolation
山崎さん(筑波)の仕事



格子QCDの現象論への応用

重いクォーク間ポテンシャル
有限なクォーク質量の影響（チャーム系に向けて）

1/m 展開を用いた系統的補正(QQbar系)：駒さん(沼津高専）

新しいアプローチ(qQQ系)：山本さん(京大）
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相対論的補正項 O(1/m2
q)：スピン依存項

スピン-軌道　
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駒　佳明（沼津高専）



QQq potential in lattice QCD

The “effective” string tension           (= inter-two-quark confinement force)
is smaller than the static string tension      .

Static 3Q potential

Inter-heavy-quark distance        [fm]

confinement  Coulomb 山本さん(京大)

QQq Wilson loop

with the light-quark propagator

山本さん



格子QCDで探るハドロン間相互作用

５つのTalk

山崎(筑波): Lüscherの有限体積法のレビュー

佐々木(東工大)：I=2 ππ散乱位相

室谷(松本大)：I=1/2, 3/2 Kπ散乱長

初田(東大)：核力（レビューを含む)

根村(理研)：ハイペロン-核子系(ΞN, ΛNポテンシャル)



Lüscherの有限体積法（山崎さんによるレビュー）

２体系エネルギーの有限体積効果⇄２粒子散乱位相

格子QCDで探るハドロン間相互作用

Previous works of scattering state

1. I = 2 ππ channel (a0 and δ0)

’92 Sharpe, Gupta and Kilcup ’04 CP-PACS Collaboration
’93 Gupta, Patel and Sharpe Du, Meng, Miao and Liu

Kuramashi et al. ’05 CP-PACS Collaboration
’99 JLQCD Collaboration BGR Collaboration
’02 Liu, Zhang, Chen and Ma NPLQCD Collaboration

JLQCD Collaboration ’07 CLQCD Collaboration
’03 BGR Collaboration ’08 NPLQCD Collaboration

CP-PACS Collaboration Sasaki, Ishizuka
Kim Yamazaki

2. I = 3/2 (1/2) Kπ channel −→ Muroya’s talk

’04 Miao, Du, Meng, Liu ’08 Nagata, Muroya, Nakamura
’06 NPLQCD on going Sasaki, Ishizuka

3. I = 1 KK channel

’08 NPLQCD
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Previous works of scattering state (cont’d)

4. (ηc, J/ψ) − (π, ρ, n) channel

’06 Yokokawa, Sasaki, Hatsuda, Hayashigaki ’08 Liu, Lin, Orginos

5. 1S0, 3S1 nn channel −→ Hatsuda’s talk

’95 Fukugita, Kuramashi, Okawa, Miho, Ukawa ’07 Ishii, Aoki, Hatsuda
’06 Beane, Bedaque, Orginos, Savage

6. nΣ, nΛ, nΞ channel −→ Nemura’s talk

’07 NPLQCD ’08 Nemura, Ishii, Aoki, Hatsuda

πn, Kn, · · · etc.

11日本の格子QCD研究の貢献大



I=1/2, 3/2 Kπ 散乱長
I=1/2チャンネルはκ共鳴

Kπ相互作用はK-π-N束縛状態の可能性に大きく左右する

Quench近似（動的クォークなし）

少し粗い格子、重いu,dクォーク

I=３／２：斥力的　

I=１／２：斥力的 ⇨ ChPTの予言と逆

I=1/2 計算が難しい
|aI=1/2

0 | > |aI=3/2
0 |

室谷さん(松本大）



格子上でのおける波動関数

２体系の”波動関数” = equal-time BS amplitude

波動関数は相互作用の外側でHelmholtz方程式を満足
する

波動関数の相互作用領域の外（|x|＞R）での漸近的　
振る舞いから散乱位相を読み取る

L R
(∂2 + m2)φ(x) = 0



計算結果 ( S-波散乱位相 δ0(k) )

mπ = 140 MeV に外挿された δ0(k)
ACM : Hoogland et al., NPB126 (1977) 109
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我々の計算値 > 実験値
⇒ 格子間隔が有限である効果 ？

Aoki et al. [CP-PACS], Phys.Rev.D67 (2003) 014502

Yamazakiet al. [CP-PACS], Phys.Rev.D70 (2004) 074513
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計算結果 ( 2π 波動関数 φL
CM(x) )

P = 0
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P = (2π/L)ex
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相互作用領域がない場合 : P = 0 では φ(x) = const.
P = (2π/L)ex では φ(x) = c · cos (px) (p = 2π

L /2γ)

⇒ 中心部のくぼみは、相互作用に起因している

9

佐々木潔さん(東工大)

I=2 ππ散乱位相



格子上でのおける波動関数

２体系の”波動関数” = equal-time BS amplitude

求められた波動関数が非相対論的Schrödinger方程式
を満たすとことを要請

”ポテンシャル”を導出⇨核力ポテンシャルに応用
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Fig. 1. (Left) The radial wave function of pΞ0, in 1S0 (circle) and 3S1 (triangle) channels, obtained at t− t0 = 6. The Green’s
functions G(!r, k2) with !r = (r, 0, 0) in 1S0 (solid line) and 3S1 (dotted line) are also shown. The inset shows its enlargement.
(Right) The effective central potential for pΞ0, in the 1S0 (circle) and 3S1 (triangle), obtained from the wave function at time
slice t − t0 = 6. The inset shows its enlargement.

from totally 1300 gauge configurations for the average, while no such exceptional configuration appears
at κud = 0.1665 (mπ ! 511 MeV). As seen in Table 1, the present results for the baryon masses are
consistent with the experimentally observed ordering of the two-baryon thresholds in the strangeness −2
sector: Eth(ΛΛ) < Eth(NΞ) < Eth(ΛΣ) < Eth(ΣΣ). This warrants that NΞ in the I = 1 channel treated in
this paper is indeed the lowest energy scattering state.

4. Results of NΞ interaction

4.1. BS wave function

The left panel of Fig. 1 shows the wave functions obtained at time slice t − t0 = 6 with t0 = 5. The open
circle (triangle) corresponds to the case of the 1S0 (3S1) channel. They are normalized to be unity at the
spatial boundary "r = (32/2, 0, 0). For r <∼ 0.7 fm, the wave function is calculated for all possible values of "r,
while, for the outer region, it is calculated only on the x, y, z axis and their nearest neighbors to reduce the
numerical cost.

As seen in the Figure, the wave functions are suppressed at short distance and are slightly enhanced at
medium distance in both 1S0 and 3S1 channels. There is a sizable difference of the suppression pattern at
short distance between 1S0 and 3S1; the repulsion is stronger in the 1S0 channel.

4.2. central potential

To derive the NΞ potential through Eq. (9), we need to know the non-relativistic energy E = k2/(2µ). It
has been shown in Ref. [24] that k2 and thus E can be accurately determined by fitting the wave function
in the asymptotic region in terms of the lattice Green’s function

κud κs Nconf mπ mρ mK mK∗ mφ mp mΞ0 mΛ mΣ+

0.1665 0.1643 1000 511.2(6) 861(2) 605.3(5) 904(2) 946(1) 1300(4) 1419(4) 1354(4) 1375(4)

0.1678 0.1643 1283 368(1) 813(4) 554.0(5) 884(2) 946(1) 1167(7) 1383(6) 1266(6) 1315(6)

Exp. 135 770 494 892 1019 940 1320 1116 1190

Table 1
Hadron masses in the unit of MeV calculated for the hopping parameters κud and κs, with the number of gauge configurations
Nconf .
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Fig. 1. Two examples of the high-precision NN potential in the 1S0 (spin singlet and s-wave)
channel. AV18 stands for the Argonne v18 potential and Reid93 stands for one of the Nijmegen
potentials.

has p-wave interaction with the nucleon, which leads to non-central and spin-
isospin dependent force, namely the tensor force.

(ii) The medium range part (1 fm < r < 2 fm) receives significant contributions
from the exchange of multi-pions and heavy mesons (ρ, ω, and σ). In particular,
the spin-isospin independent attraction of about −50 ∼ −100 MeV in this
region plays an essential role for binding the atomic nuclei.

(iii) The short range part (r < 1 fm) is well described by a repulsive core as
originally introduced by Jastrow4 to explain the pp and np scattering phase
shifts simultaneously. Such a short range repulsion is relevant to the stability
of atomic nuclei, to the maximum mass of neutron stars, and to the ignition
of the Type II supernova explosions.5

(iv) There is also a strong spin-orbit force at intermediate and short distances.

In determining the NN potential V (r), the Schrödinger equation with a certain
parametrization of V (r) or a similar setup in the momentum space are solved and
compared with the phase-shift data. The modern potentials, which can fit more
than 2000 data points of the NN phase shift with χ2/dof # 1) for Tlab < 300MeV,
is called the high-precision NN potentials. They include the CD-Bonn potential,6

Argonne v18 potential7 and Nijmegen potentials.8 Also it has been developed a
nuclear force on the basis of the chiral perturbation theory9 up to N3LO.

Shown in Fig. 1 are two examples of the phenomenological NN potentials in
the 1S0 channel. Since the charge radius of the nucleon is about 0.86 fm, the two
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Figure 4: Left: The effective central potential for #p in the 1S0 channel at m! ! 465 MeV (red circle) and
m! ! 514 MeV (green box). Right: The effective central potential for #p in the 3S1 channel at m! ! 465
MeV (blue triangle) and m! ! 514 MeV (magenta diamond). The inset shows its enlargement.

calculations have been done by using PACS-CS computer under the “Interdisciplinary Computa-

tional Science Program” of Center for Computational Science, University of Tsukuba (No 08a-12).

The Quenched QCD calculations have been done by using Blue Gene/L computer under the “Large

scale simulation program” at KEK (No. 08-19). Part of numerical analysis has been done by us-

ing RIKEN super combined cluster system at RIKEN. This research was partly supported by the

Ministry of Education, Science, Sports and Culture, Grant-in-Aid (Nos. 18540253, 19540261,

20028013, 20340047).

References

[1] Reviewed in O. Hashimoto and H. Tamura, Prog. Part. Nucl. Phys. 57, 564 (2006).

[2] H. Nemura, Y. Akaishi and Y. Suzuki, Phys. Rev. Lett. 89, 142504 (2002) [arXiv:nucl-th/0203013].

[3] N. Ishii, S. Aoki, T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007).

[4] H.Nemura, N.Ishii, S.Aoki and T.Hatsuda, arXiv:0806.1094 [nucl-th].

[5] S. Aoki, T. Hatsuda and N. Ishii, arXiv:0805.2462 [hep-ph].

[6] S. Aoki, J. Balog, T. Hatsuda, N. Ishii, K. Murano, H. Nemura and P. Weisz, in these proceedings

[arXiv:0812.0673 [hep-lat]].

[7] N. Ishii, S. Aoki and T. Hatsuda, in these proceedings.

[8] S. Muroya, A. Nakamura and J. Nagata, Nucl. Phys. Proc. Suppl. 129, 239 (2004).

[9] S. R. Beane et al. [NPLQCD Collab.], Nucl. Phys. A 794, 62 (2007).

[10] S. Aoki, et al. [PACS-CS Collab.], arXiv:0807.1661 [hep-lat].

[11] M. Lüscher, Nucl. Phys. B 354, 531 (1991).

[12] S. Aoki, et al. [CP-PACS Collab.], Phys. Rev. D71, 094504 (2005).

[13] R. Tamagaki and W. Watari, Prog. Theor. Phys. Suppl. 39, 23 (1967).

[14] J.J.de Swart, et al., Springer Tracts in Modern Physics 60, 138 (1971).

[15] CPS++ http://qcdoc.phys.columbia.edu/chuiwoo_index.html.

7

pΛ

Energy dependence of nucleon-nucleon potentials Sinya Aoki

-5e-27

 0

 5e-27

 1e-26

 1.5e-26

 2e-26

 2.5e-26

 0  5  10  15  20  25  30

1S0 NN Wave Function

1S0 wave function
fit

Figure 4: The NN wave function with APBC (red bars) at t = 11a, together with the fit by the Green’s

function at large distances (green crosses).
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Figure 5: Left: The central NN potentials for the 1S0 state with APBC (red bars) and PBC (blue crosses) in

quenched QCD at t = 9a. Right: Its zoom-in.

corresponds to a ! 0.137 fm. We employ the Wilson quark action with anti-periodic boundary

condition (APBC) in space at the hopping parameterK = 0.1665, corresponding tom! ! 530 MeV

and mN ! 1330 MeV. The minimum momentum is given by pmin =
!

32a
(1,1,1), which leads to

|pmin|! 240 MeV and E =
k2

mN

! 50 MeV, where E is the non-relativistic energy in the center of

mass system. 2000 configurations are accumulated to obtain our result.

We first determine a value of k2, by fitting the wave function at large distance (13a≤ |x|≤ 16a)

with the Green’s function of the Helmholtz equation on an L3 box, given by

G(x;k2) =
1

L3
"
n∈#

ei(2!/L)n·x

(2!/L)2n2− k2
, #=

{(

nx+
1

2
,ny+

1

2
,nz+

1

2

)∣

∣

∣

∣

nx,ny,nz ∈ Z

}

, (3.1)

as plotted in Fig.4. The fit gives k2a2 = 0.030(4) with $2/dof! 1.8 at t = 11a , which corresponds

to E ! 50 MeV in physical unit.

In Fig.5, the central NN potential for the 1S0 state with APBC ( E ! 50 MeV) is plotted as a

function of r at t = 9a, together with the one with PBC ( E ! 0 ). Fluctuations of data with APBC

at large distances ( r ≥ 1.5 fm ) are mainly caused by contaminations from excited states, together

with statistical noises. Data at larger t are needed to reduce such contaminations from excited

states, though statistical errors also become larger. A non-trivial part of potential at r < 1.5 fm, on
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Fig. 1. (Left) The radial wave function of pΞ0, in 1S0 (circle) and 3S1 (triangle) channels, obtained at t− t0 = 6. The Green’s
functions G(!r, k2) with !r = (r, 0, 0) in 1S0 (solid line) and 3S1 (dotted line) are also shown. The inset shows its enlargement.
(Right) The effective central potential for pΞ0, in the 1S0 (circle) and 3S1 (triangle), obtained from the wave function at time
slice t − t0 = 6. The inset shows its enlargement.

from totally 1300 gauge configurations for the average, while no such exceptional configuration appears
at κud = 0.1665 (mπ ! 511 MeV). As seen in Table 1, the present results for the baryon masses are
consistent with the experimentally observed ordering of the two-baryon thresholds in the strangeness −2
sector: Eth(ΛΛ) < Eth(NΞ) < Eth(ΛΣ) < Eth(ΣΣ). This warrants that NΞ in the I = 1 channel treated in
this paper is indeed the lowest energy scattering state.

4. Results of NΞ interaction

4.1. BS wave function

The left panel of Fig. 1 shows the wave functions obtained at time slice t − t0 = 6 with t0 = 5. The open
circle (triangle) corresponds to the case of the 1S0 (3S1) channel. They are normalized to be unity at the
spatial boundary "r = (32/2, 0, 0). For r <∼ 0.7 fm, the wave function is calculated for all possible values of "r,
while, for the outer region, it is calculated only on the x, y, z axis and their nearest neighbors to reduce the
numerical cost.

As seen in the Figure, the wave functions are suppressed at short distance and are slightly enhanced at
medium distance in both 1S0 and 3S1 channels. There is a sizable difference of the suppression pattern at
short distance between 1S0 and 3S1; the repulsion is stronger in the 1S0 channel.

4.2. central potential

To derive the NΞ potential through Eq. (9), we need to know the non-relativistic energy E = k2/(2µ). It
has been shown in Ref. [24] that k2 and thus E can be accurately determined by fitting the wave function
in the asymptotic region in terms of the lattice Green’s function

κud κs Nconf mπ mρ mK mK∗ mφ mp mΞ0 mΛ mΣ+

0.1665 0.1643 1000 511.2(6) 861(2) 605.3(5) 904(2) 946(1) 1300(4) 1419(4) 1354(4) 1375(4)

0.1678 0.1643 1283 368(1) 813(4) 554.0(5) 884(2) 946(1) 1167(7) 1383(6) 1266(6) 1315(6)

Exp. 135 770 494 892 1019 940 1320 1116 1190

Table 1
Hadron masses in the unit of MeV calculated for the hopping parameters κud and κs, with the number of gauge configurations
Nconf .

5

central potential

pn

Ishii-Aoki-Hatsuda, PRL 90 (07) 0022001

  0

100

200

300

400

500

600

700

800

900

0.0 0.5 1.0 1.5 2.0

V
 (

M
e

V
)

r (fm)

S0
1

  0

 50

100

0.0 0.5 1.0 1.5 2.0

m!"368MeV
m!"511MeV

OPEP(#=0.36)

  0

100

200

300

400

500

600

700

800

900

0.0 0.5 1.0 1.5 2.0

V
 (

M
e

V
)

r (fm)

S1
3

  0

 50

100

0.0 0.5 1.0 1.5 2.0

m!"368MeV
m!"511MeV

OPEP(#=0.36)

Fig. 3. (Left) The effective central potential for pΞ0 in the 1S0 channel at mπ ! 368 MeV (circle) and mπ ! 511 MeV (box).
The central part of the OPEP (F/(F + D) = 0.36) in Eq. (14) is also given by solid line. (Right) Same as the left figure, but
in the 3S1 channel at mπ ! 368 MeV (triangle) and mπ ! 511 MeV (diamond).

the region that (10 ≤ x ≤ 16, 0 ≤ y ≤ 1, z = 0) is adopted to fit the wave function by the Green’s function.
We have checked that the results of the fit in different ranges 9 ≤ x ≤ 16 and 11 ≤ x ≤ 16 introduce
systematic errors only less than half of the statistical errors for E.

The height of the repulsive core increases as the ud quark mass decreases, while the significant difference
is not seen in the medium to long distances within the error bars.

4.4. one-pion exchange

The exchange of a single π0 would conduct the interaction at long distance in the pΞ0 system:

V π
C = −(1 − 2α)

g2
πNN

4π

(#τN · #τΞ)(#σN · #σΞ)

3

(

mπ

2mN

)2 e−mπr

r
, (14)

The pseudo-vector πNN coupling fπNN and the πΞΞ coupling fπΞΞ are related as fπΞΞ = −fπNN(1− 2α)
with the parameter α = F/(F + D) [5]. Also we define gπNN ≡ fπNN

mπ

2mN
.

The solid lines in Fig.3 is the one pion exchange potential (OPEP) obtained from Eq.(14) with mπ $ 368
MeV, mN $ 1167 MeV (corresponding to κud = 0.1678) and the empirical values, α $ 0.36 [30] and
g2

πNN/(4π) $ 14.0 [1]. Unlike the NN potential in the S-wave, the OPEP in the present case has opposite
sign between the spin-singlet channel and the spin-triplet channel. Also, the absolute magnitude of OPEP
is weak due to the factor 1 − 2α. As is seen from Fig.3, we do not find clear signature of OPEP at long
distance (r > 1.2 fm) in our potential within statistical errors. On the other hand, there is a clear departure
from OPEP at medium distance (0.6fm < r < 1.2fm) in both 1S0 and 3S1 channels. These observations may
indicate a mechanism of state-independent attraction such as the correlated two pion exchange.

It should be mentioned here that there is in principle a quenched artifact to the baryon-baryon potentials
from the flavor singlet hairpin diagram (the ghost exchange) [33]. Its contribution to the central potential has
a spin-dependent exponential tail V η

C (r) ∝ #σN · #σΞ exp(−mπr), which dominates over the Yukawa potential
at large distances. Its significance can be estimated by comparing the sign and the magnitude of emπrVC(r)
in the spin-singlet and spin-triplet channels. Our present data at lightest quark mass mπ = 368 MeV shows
no evidence of the ghost contribution at large distances within errors. This may indicate the weak coupling
of the η to N and Ξ.

4.5. scattering length

Using the energy E = k2/(2µ) obtained from the asymptotic behavior of the wave function in Sec.4.2, the
NΞ scattering lengths can be deduced from the Lüscher’s formula [12,24],
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Figure 1: Left: The radial wave function of "p, in 1S0 (red circle) and
3S1 (blue triangle) channels, obtained

by using the PACSCS gauge configurations at t− t0 = 7. Nconf = 422 gauge configurations are used. Right:

The effective central potential for "p, in the 1S0 (red circle) and
3S1 (blue triangle), obtained from the wave

function at time slice t− t0 = 7. The left (right) inset shows its enlargement in the 1S0 (
3S1) channel.

saturation of the "p system, we define the “effective mass” of the wave function:

meff(t− t0,!r) ≡ log

(

Fp"(!r, t− t0)

Fp"(!r,(t+1)− t0)

)

. (4.1)

Figure 2 shows the effective mass at several spatial points. The plateaux starting appears at the time

slice t− t0 = 6 in the 3S1 channel (in the right panel in Fig. 2) while the plateaux starting seems

to appear at the time slice around t− t0 = 7 in the 1S0 channel (in the left panel). We need more

statistics. In this report, we show the results obtained at the time slice t− t0 = 7.

As is shown in Ref. [12], the non-relativistic energy E = k2/(2µ) is determined by fitting the

wave function in the asymptotic region in terms of the Green’s function

G(!r,k2) =
1

L3
#
!p∈$

1

p2− k2
ei!p·!r, $=

{

!p; !p=!n
2%

L
,!n ∈ Z3

}

, (4.2)

which is the solution of ($+ k2)G(!r,k2) = −&L(!r) with &L(!r) being the periodic delta function

[11, 12]. We attempted to make a fit in the asymptotic region (15 ≤ |!r| ≤ 16) at the time slice

t− t0 = 7. The fitting region is chosen so that the potential becomes zero within the errorbars. The

energy obtained in the 1S0 (
3S1) channel is E =−1.9(1.3)MeV (E =−1.3(1.2)MeV). The present
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Figure 2: The effective mass of the wave function for "p at several spatial points (x,y,z), in the 1S0 (left)
and the 3S1 (right) channels, obtained by using the PACS-CS gauge configurations. Nconf = 422 is used.
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JP = 0+ channel contains only 1S0 component, where the contributions of the
tensor and the LS force vanish. Since VC(r) is a conventional function, we arrange
the Schrödinger equation (3) as

VC(r;1S0) =
(E − H0)ψ("r;1S0)

ψ("r;1S0)
, (5)

where E ≡ k2/mN , and H0 ≡ −"∇2/mN . Equation (5) is our main tool to calculate
the central NN force in 1S0 channel from BS wave function ψ("r;1S0). The l.h.s.
of Fig. 1 shows the reconstructed central force in 1S0 channel for three values of
κ = 0.1640, 0.1665, 0.1678 using 1000, 2000, 2021 gauge configurations.8 We see
that it has a repulsive core at short distance as well as the attractive pocket at
medium distance. The repulsive core is seen to be enhanced rapidly in the light quark
mass region. The medium range attraction is enhanced modestly. This suggests the
importance of the lattice QCD calculation in the light quark mass region.
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Fig. 1. 1S0 central forces for various mπ (l.h.s), and 3S1 central and tensor forces for mπ = 529
MeV (r.h.s).

The deuteron channel (JP = 1+) consists of 3S1 and 3D1 components. VC(r)
acts on 3S1 and 3D1 channels separately. 3S1 channel couples with 3D1 channel via
VT(r). VLS(r) acts on 3D1 channel within itself. By neglecting VLS(r), which is in
higher order in derivative expansion than the other two, we calculate VC(r) and
VT(r) from the Schrödinger equation for JP = 1+:

(H0 + VC(r) + VT(r)S12)ψ("r; 1+) = Eψ("r; 1+). (6)

By using projection operators, i.e., s-wave (Pψ("r) ≡ 1
24

∑
R∈O ψ(R"r)) and “d-wave”

(Q ≡ 1−P ), where the summation R ∈ O runs over the cubic transformation group,
we can explicitly see that Eq.(6) consists of coupled Schrödinger equations of 3S1

and 3D1 wave functions. Since VC(r) and VT(r) are conventional functions, which
do not involve any derivatives, we arrange Eq.(6) to obtain

VC(r) = E +
(
QS12ψ("r; 1+)H0Pψ("r; 1+) − PS12ψ("r; 1+)H0Qψ("r; 1+)

)
/D("r)

VT(r) =
(
−Qψ("r; 1+)H0Pψ("r; 1+) + Pψ("r; 1+)H0Qψ("r; 1+)

)
/D("r), (7)

Fig. 1. 1S0 central forces for various mπ (l.h.s), and 3S1 central and tensor forces for mπ =
529 MeV (r.h.s).

to avoid possible boundary artifacts. NN wave functions are measured on the time-
slices t − t0 = 7, 6, 5 for κ = 0.1640, 0.1665, 0.1678, respectively.

JP = 0+ channel contains only 1S0 component, where the contributions of the
tensor and the LS force vanish. Since VC(r) is a conventional function, we arrange
the Schrödinger equation (3) as

VC(r;1S0) =
(E − H0)ψ(#r;1S0)

ψ(#r;1S0)
, (5)

where E ≡ k2/mN , and H0 ≡ −#∇2/mN . Equation (5) is our main tool to cal-
culate the central NN force in 1S0 channel from BS wave function ψ(#r;1S0). The
l.h.s. of Fig. 1 shows the reconstructed central force in 1S0 channel for three values
of κ = 0.1640, 0.1665, 0.1678 using 1000, 2000, 2021 gauge configurations.8 We see
that it has a repulsive core at short distance as well as the attractive pocket at
medium distance. The repulsive core is seen to be enhanced rapidly in the light
quark mass region. The medium range attraction is enhanced modestly. This sug-
gests the importance of the lattice QCD calculation in the light quark mass region.

The deuteron channel (JP = 1+) consists of 3S1 and 3D1 components. VC(r)
acts on 3S1 and 3D1 channels separately. 3S1 channel couples with 3D1 channel via
VT(r). VLS(r) acts on 3D1 channel within itself. By neglecting VLS(r), which is in
higher order in derivative expansion than the other two, we calculate VC(r) and
VT(r) from the Schrödinger equation for JP = 1+:

(H0 + VC(r) + VT(r)S12)ψ(#r; 1+) = Eψ(#r; 1+) . (6)

By using projection operators, i.e., s-wave (Pψ(#r) ≡ 1
24

∑
R∈O ψ(R#r)) and “d-wave”

(Q ≡ 1−P ), where the summation R ∈ O runs over the cubic transformation group,
we can explicitly see that Eq. (6) consists of coupled Schrödinger equations of 3S1

and 3D1 wave functions. Since VC(r) and VT(r) are conventional functions, which
do not involve any derivatives, we arrange Eq. (6) to obtain

VC(r) = E + (QS12ψ(#r; 1+)H0Pψ(#r; 1+) − PS12ψ(#r; 1+)H0Qψ(#r; 1+)) /D(#r)

VT(r) = (−Qψ(#r; 1+)H0Pψ(#r; 1+) + Pψ(#r; 1+)H0Qψ(#r; 1+)) /D(#r) ,
(7)

Tensor force

VT

VC
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根村さんのトラペより



まとめ
現実的な格子QCDシミュレーションの確立

ストレンジネスを含む動的クォーク効果を完全に含
んだシミュレーション（２＋１フレーバー）

厳密なカイラル対称性を持つ（JLQCD, RBC)

physical pointでの計算（PACS-CS）

数値計算の精密化

物理量によっては実験値との誤差が数%以下



まとめ（私見）
格子QCD

第一原理計算
パラメータが少ない：αs, (ΛQCD), mu, md, ms, mc, mb, mt 
まだ複雑な計算は精密化できていない 

有効理論のアプローチ(カイラル摂動論, QCD和則,1/m 展開,......)

なんらかのシステマティックな展開
展開を増やすと展開係数は増える（ただし有限）
展開係数に”非摂動論的要素”が集約

low energy constant vacuum condensate

spin-spin, LS term



まとめ（私見）

カイラル摂動論、QCD和則、1/m 展開

実験で観測できる物理量

output input



まとめ（私見）
格子QCD計算

カイラル摂動論、QCD和則、1/m 展開

実験で観測できる物理量

精密なoutput

精密なinput

我々はその入り口にいる



Nf=2+1 QCD ゲージ配位

PACS-CS

http://www.jldg.org/lqa

RBC

https://qcdlattices.bnl.gov/
研究者が物理量の計算をして意味のあるQCDゲージ　　　
配位のフルセットが公開されている。


