UT-Komaba 89-25
October, 1989

Quantum Superalgebra U,0sp(2, 2)

TETSUO DEGUCHI
AKIRA FuJil
AND

KATsusHI IToO

Institute of Physics
University of Tokyo
Komaba, Meguro-ku

Tokyo, 153, Japan

ABSTRACT

We construct the quantum universal enveloping algebra Uyosp(2,2) and calcu-
late quantum universal R matrix. We obtain a new solvable model associated with

the algebra osp(2,2).



Recent studies on the connection between conformal field theories and exactly
solvable models present various suggestive problems in physics and mathematics.
Many similar structures appear in both theories and phenomenologically they are
closely related to quantum group or the g-deformation of the universal enveloping
algebra [1]. The quantum groups associated with non-exceptional types of Lie
algebras [2,3] were studied by many authors. Construction of the quantum groups
associated with the super Lie algebras [4] is an important step to study connections
among the algebras, exactly solvable models, conformal field theories and string
theories. From the string theoretical point of view, it is important to find the
exactly solvable models corresponding to N=2 superconformal field theories which
represent the classical vacuum in the compactifications of string theories.In the
case of Ujosp(1,2) and related solvable models corresponding to N = 1 minimal
models are discussed in refs. [5,6]. For the super Lie algebra of the type A(m,n),

the quantum supergroup [7] and solvable models [8] have also been discussed.

In this note we construct the g-deformation of the universal enveloping al-
gebra U,osp(2,2) of the superalgebra osp(2,2) and study its representation. We
also construct a supersymmetric solvable model in two dimensions associated with
Uq0sp(2,2).

The superalgebra osp(2,2) is a subalgebra of N = 2 superconformal algebra of

NS sector which is defined as follows:

c
(L, L) =(m — n) Ly + Zm(m2 — 1)0m+n.0,

[Lm7 Tn] = — nTm+n,

(L, Gr] =(5m — )G, (L, Gl = (3 = )G,
[Tm> Tn] :Cmém—i—mOa (1)
[Tm; Gr] :Gerra [TTYU Gn] = _Gm+r7

~ 1 1 1
{GT7 Gs} =Lyis+ i(r - 5>Tr+s + _C<7’2 - Z)5r+s,0;

2
{GT7GS} :{éhés} = 0.

The elements Lo, Ly1, Tp, Gi% and Gi% form the subalgebra osp(2,2). Let us



define the generators H, Jy, T, V4 and Vi as H = —Lg, Jy = £L41, T = Ty,
Vi = \/LEG%, Vi = \%Gi%. From (1)and the above definitions, the osp(2,2)

superalgebra is expressed as follows:

[H,J] = +Js, [J,J_] = 2H,

1 1
[Hi§T, Vi) =0, [H$§T, Vil =+V4,

1 - _ 1
[H:téT, Vi] == Vi, [HiFéT, Vi] = 0,

Vi Vi ={Vi,Vj} =0 (i,j ==),

(VeV} =—3(H+3T), (ViV} =—5(H = 5T),

_ 1
{Vﬂn Vi} = :|:§J:|:7

Let us consider the finite dimensional representation of osp(2,2). The irreducible
representations are parametrized by the sl(2, C) spin of an integer or half-integer
j € N /2. Firstly we discuss the fundamental representation which corresponds to

spin j = % It is shown as follows;

010 0 0 0 0 0
00 0 0 1]l -=1 000
V+__ 3 V*:_ 3
00 0 1 21 0 0 0 o
00 0 0 0 0 1 0
001 0 0 00 0
oo_1foo o y 0 00 0 o)
7210 0 0 0ol "2l -1 00 0ol
00 0 0 0 10 0
100 0 00 0 0
11000 o 01 0 0
H—- , T = .
20 0 0 o0 00 -1 0
00 0 —1 00 0 0



In (2), the basis states are |%, %>, %, —%>, —%, %>, and ‘—%, —%>, where the state
|m,m') is defined as
Z N / _ Z N T /
(H+2)}m,m>—m|m,m>, (H 2)‘m,m>_m‘m,m>, (3)

We call the states |%, %> and |—%, —%> even (bosonic), and

3 —3) and |=3.5)

odd(fermionic).
The universal enveloping algebra Uosp(2,2) is generated by H, T, Vi, Vi. We
define the quantum universal enveloping algebra Ujosp(2, 2) by replacing the anti-

commutation relations for Vi, Vi as follows;
_ 1 _ 1
ViV = —12P, (ViV} =P, ()

where P = H + %T , and [z], is the usual ¢g-analog of z;
qw . q—w
T|g = —. 5)
[z]q R (5)
Note .for instance,[Py, Vi]| = 0,0r [Py, V4| = £V4 as usual, and the g—analogue
of J1 are decided by the analogues of H,T,V,V. The g-deformed Casimir element
is

C=—4{Vo, VoH{VL, Vi + ([2P4]g — 2P + 2] Vo V4

_ 1 (6)
+ (2P~ 2P+ 2))V-Vy + 1[2P],[2P ],
which acts on a highest weight state |j) as
. 1. .9,.
C'ljy = 11241 15). (7)

We introduce the coproduct A which is a homomorphism from Ujosp(2,2) to
Uq0sp(2,2) ® Ugosp(2,2), A : Uy — Uy ® Uy, by
A(Ve) =™ @ Vi + Vi ®q T,
A(Ve) =¢"" @ Ve + Ve @q '™, (8)
A(Py) =P ®1+1® Py,

It is straightforward to check that (8)is compatible with the algebra of Ujosp(2,2).



Another coproduct A can be defined as A = o o A, where ¢ is a permutation on
Uy ® Uy, which is given by replacing ¢ to ¢~ !'. The relation between A and A is

given by the universal R matrix which act on U; ® Uy, as follows:
AR = RA. 9)

From (4)and (8)we find

R :q2(P+®P+P®P+)<<i qufn(P++P7) ® qn(P++P,)(q2n<Yf ® X"+ X" @YD)
=1
+ (X @ XY + Yf‘n® Y7
—4g7Mq—q ")
X (¢ @d™) (VY@ VEXY) + (¢ @™ ) (VX" @ ViYT)))

—dg—qg N(@ T ed)Voa Vi) + (@ od) (Voo V) +1). o)
10

where X4 = ViVy, Yy = ViV4 and

(11)

In our choice the matrix R is a lower triangular matrix.

Because [A(P1), R] = 0, its irreducible representations are labelled by total

P, and P_.In particular, for spin j = 3 representation R takes the following

2
form (For simplicity we denote |%, . -3-3).13.-3), ‘—%, $) by b1, ba, f1, fo,

respectively.)

(I) 1-dimensional representations are (Py, P_) = (+1,+1), (—1,-1),
(+1,—1), (=1,41), which correspond to by ® b1,ba ® ba,f1 ® f1, and fo ® fo.
R=¢q for by ®b; and by ® by (12)

R=q ! for i®fi and fo® fo (13)

(I1) 2-dimensional representations are (P, P-) = (+1,0), (0,+1), (—1,0),



(0, —1), which correspond to (b1 @ f1,f1 @ b1), (b1 ® fa, fo®@b1), (f1 @ b2, b2 ®

f1), (fa®ba,be @ fo);
I 14

for (b1 ® f1, fi®@b1), (1@ fo, o@b1), (f1@02,b2® f1), (fa®b2,b2a® fa). (I11)
4-dimensional representation is Py = P_ = 0, whose basis is b1 ® b2, f1 ® f2,fo ®

f1,b2 ® by;

g ! 0 0 0
-1
q—q q 0 0
R= . (15)
q—q 0 q 0

20—q¢ Y q—q' q—qgt ¢!

for (b1 ® ba, f1 ® fa, fo ® f1,b2 @ by).

The tensor product of two spin %(C’ = le) representations can be decomposed
into the direct sum of the spin j = 1(C = 1[2]?) and the spin j = 0(C' = 0)
representations. We denote the projector onto spin [ as F;. We also define the

permutation 7 such that
mla) ©|8) = (- |8) @ |a), (16)
where p(a) = 1(0) if |a) is odd ( even ). We can show that
R2? = —q 1Py 4¢P, (17)
where R = mo R. R is a solution of the braid equation;

R12R23R12 = R23R12R23- (18)

Let us introduce the spectral parameter dependent R(z) matrix according to



the method by Jimbo [3]. For the spin 3 representation the R matrix R(z) becomes

2

r—q
P 19
@ U (19)

R22(z) = Pot 1

which satisfies the Yang - Baxter equation

(W2 = R22 (y)o3 R332 (xy)10R3 (2)o3 (20)

l\.’)\»—‘

(vy)os %

D=
l\.’)\»—l
M\H

R37% (2)12R*

and

3, R23(00) = —¢ H(R2) L. (21)

l\D\»—A
l\D\»—A
l\.’)\»—‘
I\J\H

Re%(1) = 1, R2%(0) = R

Therefore the two-dimensional model (vertex model) whose Boltzmann weights are
given by R(z) is solvable. We note that the operator R(x) = 7 o R(z) satisfies the
graded Yang-Baxter equation [9].

In terms of the projectors the spectral decomposition ((19)) has the same form
with that for the case of Uysl(2, C). But the matrix elements (Boltzmann weights)
calculated from (12) - (15) are different from those of Uysi(2,C) (the 6-vertex
model).

The higher spin representations can be discussed in a similar manner. We note
that the existence of R(x) for higher spin representations can also be shown by
using the method of fusion [10] (or Z-invariance, composition). The point is the
following. The matrix R has only two different eigenvalues. Therefore it satisfies
the Hecke algebra and the projectors can be expressed in terms of the generators

of the Hecke algebra [11].

In this paper we have presented a brief account for the case that the parameter
q is generic. The representation when ¢ is a root of unity, the construction of
the associated lattice models and the relations to conformal field theories will be

discussed in a subsequent paper.
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