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1. Introduction

Standard (single-field, slewroll) inflation predicts scale-
Invariant curvature perturbations.
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- CMB (WMAP) is consistent with the prediction.
perturbation theory seems to be valid.



- S0, Why bother deing| more research on inflatien?
Because observational data does not exclude other models.

llensor perturnations have not heen detected yet.
/S = 0.2 - 0.37 or smaller?

- fact, inflation may: not e soi simple.
multi-field, non-slowrell, extra-dim’s, String theory...

- PLANCK, CMBpol; ... may detect

L= i 1:NL\PZgauss-l_ " LN e

gauss

- Nonlinear backreaction en Superhoerzon scales?

Re-consider the dynamics on super-horizon scales



2. LLinear perturnation theory.

- metric on| a spatially flat background  (9,,=0 o1 simplicity)
ds? =—(1+2A)dt? +a*(t)| (1+2R)5; + H, |dx'dx]

Z(t+dt) (Hij )scalar = aiaj =

5 (1) - Idr

(H;) = transverse-traceless
X!'= const.

o propertime along x'= const.: dz=(1+ A)dt

3 46

e cUnvature perturbationion %(t);: P == R= —gA R

: ) 13)
» expansion (Hubble parameter): ¥ = H (1— A)+8t {R +§A E}



' Choice of time-slicing

» comoving slicing T“ =0 (¢=¢(t) for ascalar field)

|
matter-based slices

- uniform density slicing. ~T° = p = p(t)

o Uniform Hubhble slicing
) 13
M=H(t) & -H A+&[R+§A E}:O
* flat slicing (|§\>) — _izi) R=0 & R=0
a

o Newton| (shear-iree) slicing

scalar 1 O
o, | H, | z[aiaj—gaj A}atho & 8,E=0 ©E=0

traceless

comoving = uniform p = uniform H on superhorizon scales



<ol formalism I linear theory

e-folding AUMmMBEr perturbation hetween X(t) and X(t:):

§N f|n jfln |'4 o= ( fm 2 dz-)background
"2, [R+ 1(A?>)E}dt = R(t,,)~R(t)+O(s?)
A A
_— \ﬁ\ /L Y (L)s P(t)
z:0 (tfin) /
éN(t’tfin) [ NO(titfin)
2, (1)
0 //;\\)N // D (t), P(t)
XI=CONST

oN=0 if both Z(t) and Z(t;,) are chosen to be ‘flat’ (P=0).



Choose and X%(t:,) = comoving:

A

— e

/T\

e —— Z(tfin)1 PC(tfin)

— 5N (t tfm) R C(tfin)

I=conRst.

& cunvature perturbation en comeving slice

Tihe gauge-invariant variakle ‘¢ usediini the literature

IS related to P as ¢ = -P. or € = P

By definition, oN(t; t;,) IS t-independent




Example: slow=rolll inflation

o Single-field inflation, ne extra degree ofi freedom

PEECOMES CoNSiantiSep aiteiMBRZONFCIOSSINEN =)

oN (th ’tfln) R C(tfin ) =R C(th)
[oJo N

Inflation) =———

> |og|a

t=t, =i



Alse olN = H(t) ot —- ,, Where ot IS the'time difference
PenvEEN tne comoving and flat slices at t=t;..

Yc(t) & comoeving 50=0, P=P
/ &F*C/I\_/ C

b (t,+ 0t o, X' ) =g (1) =S¢ + 4L, )5t . =0

H

- RC( fln) 5N (th’tfln) d¢/dt §¢F(th)
dN
:d—¢5¢F( )

Only the knowledge of the background evolution

IS necessary to calculate P.(t;.) .



« 5N for a mulli-compoenent scalar:
(fer slewrall inflation)

R o(trn ) = ()

N PEEE)NSINEHONTERCOSIERIRNITE:

Re (t) ﬁé‘% -« fime varying even on
H(/ﬁj SuUperherizon scales

z H*(t,)
(R el (t)) = VN o = VN7
(27)
Eurther extension ter nen-slowrell case Is pessikle; Iif
generall siow-roll condition| Is; satisfied at horizon-crossing

L flz —O(f%ﬁ—@(f),@—o(@w o= 1




3. Nonlinear extension

o Oni suUperhozon scales, gradient expansion Is valid:

a 6 o . .
—5Q= [--Q: HQ; H: {Gp

This Is a consequence of

light cone

o At lowest erder, ne signal prepagates in spatial directions.

Field equations reduce to ODE’s



- Metric en superhorizon scales

o gradient expansion:
0. —> &0, , & =expansion parameter

s MELtric:
ds? =—N *dt® +e* j, (dx'+ g'dt)(dx’ + 5’dt)
det 4, =1, B'=0(¢)

1 = thieionly nenstrviallassumption
contains GW: (— tensor) moedes

a(t,x')=Ina(t)+y(t,x'); v : curvature perturbation
1 e.g., choose  (t.,0)=0

fiducial “background’



* Enengy momentum: tensor:
T = pu”u” + p(g‘” +u“u"); uv,T% =0

d o0.x
= —p+V U“(p+p)=0; V u¥ =34
ATV (p _p) . N

+O(52)
assumption: ' E%:o(g) — U= = Ofe)
(@lsence of vorticity mede)r (i Ak

o |Local Hubble parameter:
4=ty noly u” +0(&?)
3 “ 3 “

nﬂdx” =—Ndt ---normal to t = const.

At leading order, locall Hubble parameter on any: slicing IS
eguivalent ter expansion: rate off matter fiow.

S0, hereaiter, we redefine I:I to be H E%Vﬂu”



= [Local Friedmann; equation

42t x )—%p(’[ X')+0(£2)
X' : comoving (Lagrangean) coordinates.
d 0
— p+3HM(p+p)=
S P +3A(p+p)

dz= £ dt: proper time along matter flow

S EXaClAtErSEIME aSHENIACKEIOURE EQUENGIISE
“separate universe”

SUneRME I SIICEr=UnIelINE U ESlICEN="COMBVIRGE SIICE
as In the case of linear theory

© N6 modificatiens/hackreaction due: te super-Hublhle
PErtUrations.



4. Nonlinear AN fermula

- energy conservation:
(applicable to eacin independeint matter component)

B(f)tfp) +O(52) =—0.x =:—(§L+@tl//j ——HMN -+O(82)

- e-folding number:

y L 0
N (t, t,;x') = jtl UNdt == tlpfp i

where x'=const. is a comoving worldline.

dt

This definition applies to any choice of time-slicing.

- w(tz,x‘)—gy(tl,x‘):AN (tz,tl;x‘)

where ¢
\ (tz,tl;xi)— In(a( 2)j
a(t;)

AN (tz,tl;xi)



- AN - formula

et us take slicing such that X(t)'Is flat at t =t
and uniferm density/unifiorm: H/comoeving at t =t | 2. (ty) |

& > .(t,) : uniform density

/\\y\_/ p (t,)=const.

N (t,,t;;x)

uniformi density._ p (t;)=const.

L X(T)
AN /\/
< y (t,)=0

N(t,,t;x')= N, (t,,t)+AN,
N, (t,.t,) = In[a“z)

a(t,)

} between 2. (t,) and = (t,)



Then

sufifix € for / //
where AN Is equal to e-folding number from to X.(t,):
¢ (t2) c(t) O
ANFz—ijz W _Oup dt+ij2 2 9P gt
3 P+ P N 3 P+ P
_ = P | g
3 p+P|

For slow-roll inflation in linear theory, this reduces to

v () =R (t,)=0N (tl;tZ) = H (tl)é‘tFaC :{Z S;Ia

2 } (t,)



ANl for ‘slowrell” inflation

o |ni slowrollfinflation, all decaying mode soelutiens of the
(multi-cemponent) inflaton field ¢ die out.

o it @IS slow: relling When the scale ofi our: Interest leaves, the
noenzon, N'Is enly a function ofi ¢/(Indep’t off dg/dt, apairt
from trvial dep. on time t ., fromiwhich N'iS;measured), no
matter how: complicated the sulbseguent evolution would be.

* Nonlinear AN for multi-component inflation :
AN =N (4" + 59" ) - N (¢")
1 0"N
= 5PN L 5™
;n!awaqﬁw Og™ Pof ?
Where op=oge (0n flat slice) at herzen-cressing.
(0p: may’ contain nen-gaussianity freny sulbhorzen Interactions)




- Diagrammatic method: fier nenlinear AN

N n D"N
{=AN=>) A:qlA” 6¢" 09" L 69" Ny, = 06™04™ L 84"

‘basic’ 2-pt function: (54" (x)5¢°(y)) = hA'B\(¢)GO(X—y)

oy IS assumed to be Gaussian
fior non-Gaussian oy, there will be basic n-pt functiens

 cOnnected n-pt function of ¢:
2-pt fiunction

(£(E(Y)). = N, NAG (X —y)% N o NG, (X~ y)?

1

- X Y +§NABCNABCGO(X_y)3+L

A A

A A A A
+ x<<>.y+ X<Oy o
B

5 BC BC




3-pt function

(C(X)C(Y)S(2)). = NAN 5N PG (X~ y)G,(y —z)+ perm.
+ NN NG, (x-Yy)G,(y-2)G,(z —X)

1
+§ N ANABC N BCGO(X_y)ZGo(y_Z)+ perm-

+L.
X X

A\ AAC
“ | +perm. +  2IX AL E C

A Z Y/ L Z

YB B B B

X
AIL
+ + perm. +
yA ), P



1R divergence preblem

Loep diagrams like
X

AaC

AAC - NABNBCNcAGO(X—y)GO(y—Z)GO(Z—X)
\Y/ Z

) B

In the m-pt function give rise to) IR divergence in
the (m-1)-spectrum If P(k)=k»= with n < 1.

eg), the aboeve diagram| gives
Pk, Ky k) s 5%k, +k, + k) [d*pP(p)P (1K, + pl)P(Ik, - pI)

SN o[l [S this R cutoff physically: observable?

(reallspace 3=pt ficn IS; pertectly. regular i G,(%) IS regular:)



6. SUummany

< SUperhoerzon scale perturnations can
, MENCE Never cause backreaction.

nonlinearity en superhenzon scales are always: local.

IHewever, nenlecalinonlinearnty (nen-Gaussianity) may:
appear due te quantum Interactiens on subhoerizen scales.

= There exists a Which
IS usefullin; evaluating nen-Gaussianity: from inflatien.

diagrammatic method cani by systematically applied.

fliom loep diagrams needs further
consideration.
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