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Purpose of todayôs lecture

ÁTo present the concept of the Density Functional Theory (DFT).

ÁTo clarify similarity and difference between HF and DFT.

ÁTo show DFT is applicable from nuclei and neutron stars.

ü To introduce our ongoing attempt in the Quantum Matter Science 

(QMS) project, applying DFT for hypernuclei and hyperon mixing 

in massive neutron stars.



Throughout the lectures we will restrict ourselves to non-relativistic treatments.Note:

ł ŭŜůŤŪũŜŧŠ ŝŠţŤũş ůţŠ ±ũŪũ-ŭŠŧŜůŤűŤŮůŤŞ² ůŭŠŜůŨŠũů

Only from the saturation density, you can already infer, as follows:

Lorentz factor:

V Nucleons inside a nucleus are not really relativistic.

*Note that there are relativistic approaches, such as relativistic mean-field (RMF) theory or covariant DFT, 

which are rooted with the meson-exchange picture, explains the origin of spin-orbit interactions, ...

V Nuclear saturation density:

ü Fermi wave number:

for n or p

ü Fermi momentum: ü Fermi energy:

ü Fermi velocity:

(about 15 min)

(cf. Super-Kamiokande experiment)

Quite small!
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Thatôs it!

If you agree with the use of non-relativistic treatments

However, itôs practically impossible.. Why?

Our ultimate goal would be to solve the many-body Schrödinger equation:

Portrait: https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinger

E. Schrödinger (1887-1961)

in 1933

https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinger


We want to solve this, but canôt in practice. Why?

Difficulties in solving the many-body Schrödinger equation

1.  Itôs computationally too demanding.

2.  Nuclear force is too complicated, having a strong repulsive core.

Ç The number of degrees of freedom of Ɋ is:
x,y,z ŷ,Ź n,p

6˷1010 for A=10

8˷10107 for A=100

2˷1025 TB for 103, A=10

3˷10636 TB for 1003, A=100
Ç To store Ɋ on a HDD, one needs:

Nx˷Ny˷Nz
ŷ,Ź n,pdouble precision

complex (byte)

In other words, ñɊ contains enormous amount of information!ò (may be too much!)

Ç Lattice QCD calculations are under way, but still information is limited.

ÇOne may parametrize the ñbareò NN interaction, and fit to reproduce NN scattering data.         

(It is called ñrealistic nuclear force.ò It shows a repulsive core which requires a caution.)

The problem is twofold:
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Therefore, we have to introduce:

1.  An approximation to the many-body wave function Ɋ

2.  An effective (phenomenological) nucleon-nucleon interaction

or use some renormalization/regularization technique for

a realistic nuclear force (= a ñbareò NN interaction)

dealing with the strong repulsive core

Ÿ then directly solve the problem by a rigorous many-body theory

Ÿ which is classified as ñab initioò approaches (beyond the scope of my lecture.)



The Hartree-Fock theory

D.R. Hartree (1897-1958) V.A. Fock (1898-1974)

Douglas Rayner Hartree: https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx

Vladimir Aleksandrovich Fock: https://mathshistory.st-andrews.ac.uk/Biographies/Fock/

https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://mathshistory.st-andrews.ac.uk/Biographies/Fock/
https://mathshistory.st-andrews.ac.uk/Biographies/Fock/
https://mathshistory.st-andrews.ac.uk/Biographies/Fock/


1 page summary of the HF theory

Many-body wave function is approximated by a single Slater determinant

Unrestricted variation The Schrödinger equation:

The Hartree-Fock equation:

where

Single-particle Hamiltonian:

Hartree potential (direct term):

Fock potential (exchange term):

Constraints on the orthonormal property 

of the single-particle wave functions.

Ÿ Ůij are the Lagrange multipliers.

HF approximation
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For further learning please refer to textbooks, e.g.:

ü A standard textbook for nuclear theorists.

Pros. It covers lots of subjects, like a dictionary.

Cons. Information is limited, requires some effort 

to fully understand all between lines and equations.

ü A pedagogical textbook on nuclear theories.

Pros. Easy to read. Details are explained in exercises.

Cons. It covers limited subjects than Ring-Schuckôs.

*Links to amazon.com have been embedded in the book pictures.

https://www.amazon.com/Nuclear-Many-Body-Problem-Theoretical-Mathematical/dp/354021206X
https://www.amazon.com/Nuclear-Models-Walter-Greiner/dp/354059180X


DFT in a tiny nutshell

DFT



A theory which gives us access to the exact solution

Kohn-Shamequation

Equivalent!

(for a special EDF)

This is the key!
EDF

w.f. is a functional of density

P. Hohenberg and W. Kohn, Phys. Rev. B 136, 864 (1964)

What is DFT?

Energy can also be written as a functional of density
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The existence was proven, but its shape is unknown..

CAUTION!



The existence was proven, but its shape is unknown..

CAUTION!

ñInverse Kohn-Shamò



The existence was proven, but its shape is unknown..

CAUTION!

ñInverse Kohn-Shamò

Developing better functionals is

an important subject in nuclear theory!



C-Z. Gao et al.,

J. Phys. B: At. Mol. Opt. Phys. 48, 105102 (2015)

Fullerene: C60

Y. Shinohara, K. Yabana, Y. Kawashita, J.-I. Iwata, T. Otobe, and G. F. Bertsch,

Phys. Rev. B 82, 155110 (2010)

Si crystal

Great Success of the Density Functional Theory

Number of publications with ñDFTò (till 2013)

Year
A. Galano and J.R. Alvarez-Idadoy, J. Compt. Chem. 35, 2019 (2014)

The Nobel Prize in Chemistry 1998

Walter Kohn John Pople ©https://www.nobelprize.org

W. Kohn and L.J. Sham, Phys. Rev. 140, A1133 (1965) 50,549 citations!

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964) 42,382 citations!
The seminal papers on DFT

as of June 20, 2025



Then, how it works?
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DFT in Nuclear Physics

All nuclei can be described with a single EDF

N, Z
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Neutron star

DFT in Nuclear Physics

All nuclei can be described with a single EDF

Neutron number

P
ro

to
n

 n
u

m
b

e
r

N, Z

K. Sekizawa (Science Tokyo) Wed., Dec. 3, 2025(TD)DFT for Nuclear Structure (and Dynamics)



Interacting Plot of Atomic nuclei & Computed Shapes (InPACS)

Center for Computational Sciences (CCS), University of Tsukuba

https://wwwnucl.ph.tsukuba.ac.jp/InPACS/

https://wwwnucl.ph.tsukuba.ac.jp/InPACS/


Whatôs behind the wonder of DFT?

Ÿ Hohenberg-Kohn theorem & Kohn-Sham scheme



(a) + (b) ?
P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)

DFT in a tiny nutshell (1/2) - Hohenberg-Kohn theorem

However, one also gets:

ʾʾʾ (b)

Now, one finds:

ʾʾʾ (a)

Assumption:

Two different wave functions      and

provide the same one-body density
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Assumption:

Two different wave functions      and

provide the same one-body density

(a) + (b) ?
P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)

DFT in a tiny nutshell (1/2) - Hohenberg-Kohn theorem

However, one also gets:

ʾʾʾ (b)

Now, one finds:

ʾʾʾ (a)

Our assumption was wrong!

ñreductio ad absurdumò
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Assumption:

Two different wave functions      and

provide the same one-body density

(a) + (b) ?
P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)

DFT in a tiny nutshell (1/2) - Hohenberg-Kohn theorem

However, one also gets:

ʾʾʾ (b)

Now, one finds:

ʾʾʾ (a)

ñreductio ad absurdumò

There is a one-to-one correspondence between Ɋ and ɟ

The 1st HK theorem:
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The 2nd HK theorem:

DFT in a tiny nutshell (1/2) - Hohenberg-Kohn theorem

Ɋ can be written as a functional of ɟ:

Any observables can be written as a functional of ɟ:

SE HK

Minimization of EDF with respect to ɟ will provide Eg.s. and ɟg.s.:

There is a one-to-one correspondence between Ɋ and ɟ

The 1st HK theorem:

The one-body density can be the fundamental degree of freedom!

:  Energy Density Functional (EDF)
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Kohn-Sham scheme:
W. Kohn and L.J. Sham, Phys. Rev. 140, A1133 (1965)

DFT in a tiny nutshell (2/2) - Kohn-Sham scheme

Kohn-Sham scheme makes DFT computationally solvable

V The EDF of the many-body system:

This contains all necessary info to get the many-body ground state

V Let us rewrite it as:

Eô is the rest of EDF except the one-body kinetic term

V Taking the variation w.r.t. single-particle orbitals,

      one finds:

:  Kohn-Sham equation

Kohn-Sham potential: One-body density: Kohn-Sham orbitals:
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Anakin Skywalker: https://starwars.fandom.com/wiki/Anakin_Skywalker

The Jedi of DFT

May the DFT be with you..

In principle,

it is an exact approach..

(if we find the universal EDF)

https://starwars.fandom.com/wiki/Anakin_Skywalker


May the DFT be with you..

Darth Vader: https://www.eiganohimitsu.com/1810.html

The Darkside of DFT

In principle,

it is an exact approach..

The Jedi of DFT

(if we find the universal EDF)

Anakin Skywalker: https://starwars.fandom.com/wiki/Anakin_Skywalker

In practice,

it would never be exact!!

(since we donôt know the universal EDF)

https://www.eiganohimitsu.com/1810.html
https://starwars.fandom.com/wiki/Anakin_Skywalker


Q. What are difference and relevance between

Hartree-Fock theory and DFT?

A. HF Í DFT, but HF with an ñeffective 

interactionò may be regarded as Kohn-Sham DFT



In electronic systems:

The interaction is very well known :)

In nuclear systems:

The interaction is not well known :(

Kinetic Coulomb
btw protons

òSomething complicatedó

NN interaction
3-body interaction
LS, tensor, ...
repulsive core ...

Kinetic Coulomb
btw electrons

Coulomb
from ions



Hartree-Fock theory with an effective interaction

Then, the resulting HF energy becomes a functional of various local densities:

*It looks as if there are only local (direct) terms, but it contains the exchange terms.

ü In practice, a zero-range effective NN interaction has been applied

Spin exchange operator: Relative-wave-vector operator:

(     is a C.C. of     acting to the left)

t0-3, x0-3, Ŭ, and W0 are parameters, which are 

adjusted to reproduce known nuclear properties.

Skyme (zero-range, contact-type) effective interaction
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Hartree-Fock theory vs. DFT

Unrestricted VariationUnrestricted variation

Schrödinger eq:
so, of course, HF Í DFT

Variation

for a Slater det.
Variation for a Slater determinant

Hartree-Fock eq: * Integro-differential eq.

Slater determinant: Orthonormal condition:

Hartree potential (direct term): Fock potential (exchange term):

Regarding ESkyrme as an EDF,  Skyrme-HF eq. may be regarded as KS eq. in DFT
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Skyrme-Hartree-Fock eq:

*E is a functional of various densities

Unrestricted variation

Schrödinger eq:

Unrestricted Variation

Regarding ESkyrme as an EDF,  Skyrme-HF eq. may be regarded as KS eq. in DFT

Variation for a Slater determinant

Hartree-Fock eq: * Integro-differential eq.

Kohn-Sham equation:

Skyrme ñeffective interactionò T.H.R. Skyrme, Philos. Mag. 1, 1043 (1956)

:  Relative coordinate

:  C.M. coordinate

:  Relative momentum op.

:  Spin exchange op.

* t0-3, x0-3, W0, and Ŭ are the parameters

ü One may also regard Skyrme-TDHF as TDKS in TDDFT

Variation

for a Slater det.

*ɝŬ stands here for various densities

Skyrme Hartree-Fock vs. DFT
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Do you understand:

V HF theory approximates ɰby a single Slater det.

V In DFT, ÍÉÎὉὲ  provides ὉȢȢ & ὲȢȢ

If yes, please raise your hand! ;)

V Therefore:  HF Theory  DFT !!



Now, you all are regarded as candidates of

ñDFT mafiaò



Picture generated by Gemini
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Picture generated by Gemini

When you say ñDFTò, you should always ask yourself:

ü ñIf your theory is based solely on one-body densitiesò 

(not wave functions!)

ü ñWhatôs rationale behind the usage of ñwave-function-

basedò stuffsò (e.g., s.p.wfs. & s.p. energies, expectation 

values of operators, configuration mixing, generator-

coordinate method (GCM), p-h excitations & RPA, etc.)

If you disguise ña mean-field theoryò just as ñDFTò,

you are welcome to join the DFT mafia! ;)



TDDFT in a tiny nutshell

DFT



A theory which gives us access to the exact solution

Kohn-Shamequation

Equivalent!

(for a special EDF)

This is the key!
EDF

w.f. is a functional of density

P. Hohenberg and W. Kohn, Phys. Rev. B 136, 864 (1964)

Recall:  What is DFT?

Energy can also be written as a functional of density
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What is TDDFT?

E. Runge and E.K.U. Gross, Phys. Rev. Lett. 52, 997 (1984); R. van Leeuwen, Phys. Rev. Lett. 82, 3863 (1999).

Timet

TDKS eq. in TDDFT

TDDFT is a time-dependent extension of DFT

t 0

TDSE for an N-body system

for all time
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TDDFT in a tiny nutshell - Runge-Gross theorem

*One can obtain equations for higher-order derivatives in the same manner

(a)˵ (b) ʾʾʾ (̒)

E. Runge and E.K.U. Gross, Phys. Rev. Lett. 52, 997 (1984)

As in the case of static DFT, we have a TDKS scheme

according to the following one-to-one correspondences:

*Taking divergence of Eq.(̒ ) and using the continuity equation, one can obtain equations for the density.

TDSE RG

One-body density: One-body current density: TDSEs:

K. Sekizawa (Science Tokyo)

The rate of change of the current density reads:

ʾʾʾ (a)

ʾʾʾ (b)

Wed., Dec. 3, 2025(TD)DFT for Nuclear Structure (and Dynamics)



Phys. Rev. Lett. 116, 122504 (2016)

A. Bulgac, P. Magierski, K.J. Roche, and I. Stetcu

Induced fission of 240Pu

TDDFT is a versatile tool!!

Low-energy heavy-ion reactions

Phys. Rev. Lett. 119, 042501 (2017)

P. Magierski, K.S., and G. Wlazğowski

Time

IVGDR

Phys. Rev. C 84, 051309(R) (2011)

I. Stetcu, A. Bulgac, P. Magierski, and K.J. Roche

Phys. Rev. Lett. 117, 232701 (2016)

G. Wlazğowski, K.S., P. Magierski, A. Bulgac, and M.M. Forbes

Vortex-nucleus dynamics

TDDFT in Nuclear Physics

K. Sekizawa (Science Tokyo) Wed., Dec. 3, 2025(TD)DFT for Nuclear Structure (and Dynamics)




