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Pur pose of

A To present the concept of tBensity Functional Theory (DFT).

A To clarify similarity and difference between HF and DFT.

A To show DFT is applicabltsfom nuclei and neutron stars

0 To introduce our ongoing attempttime Quantum Matter Science
(QMS) project, applyingDFT for hypernuclei and hyperon mixing
IN massive neutron stars
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SGTUGStiSS t SUTTAr0 GareSsS  Himds a U

V Nucleons inside a nucleus are not really relativistic.

Note: Throughout the lectures we will restrict ourselvesda-relativistic treatments

Only from the saturation density, you can already jrdsifollows:

V Nuclear saturation density:

nog = 0.16 [fm*B] [710/2 = 0.08 [fm_g] for norp}

U Fermi wave number: U Fermi momentum: U Fermi energy:
MeV h? k2
ke = (3m%no/2)"/3 ~ 1.33 [fm™"] pr = 262 [ - ] er = —F 2 36.5 [MeV]
c 2m
Lorentz factor: Quite small!

U Fermi velocity: .
. / —1
vp _ hcky - 197 [MeV fm] x 1.33 [fm™ | ~ 0.98 » v = ~ 1.04
¢ me 940 [MeV] V1—(v/c)?

*Note that there are relativistic approaches, such as relativistic-hedd(RMF) theory or covariant DFT,
which are rooted with the mes@xchange picture, explains the origin of spibit interactions, ...

he ~ 197.3269631 [MeV fm] My > My mc* > ey
mnc? = 939.56542052 [MeV] o A 877.74 [s] (about 15 min)
mpcz = 03827208816 [MeV} T > 1034 [y} (cf. SuperKamiokandesxperiment)
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If you agree with the use of naerlativistic treatments

Our ultimate goal would b® solve the manybody Schrodinger equation:
FI W(TIJIQM nesg TAJAQA) - EW(TIJIQI'; ce jrAJAQA)

That os 1t !

H o we v epragcticallytin@psssible.. Why?

E. Schrodinger (1887961)

Portrait: https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinge



https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinger

Difficulties in solving thdathngchrdodinger equation

We waw aRotve thisobutso'l iv gacttechwis?, but c a
o, lIj("nl'crlqur I ;TAJAQA) = FE lI](TIJIQI: I 3TAO-AQA)
The problem is twofold:

1. | t 6s computationally too gimn

| 6 100fora=10 DO
9 9 A '~
C The number of degrees of freedom(f |£’i3?‘z><.92>< n% » 8 10197 for A=100

C Tostore on a HDD, 160 (Vg. x >e2¢“d‘ 2. 10 TB for 1%, A=10
double precisiony NN, ¥.Z n,p 3. 10836 TB for 103, A=100

complex (byte)

Inotherwordsii c ont ai n samaum of miormaticn! o (may betoo much)

2. Nuclear force is too complicated, having a stronq repulsive core.

C Lattice QCD calculations are under way, but still information is limited.

COne may parametrize the Abared NN int
(1t | gealstighutleardorcedo |t shows a repul si ve
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Therefore, we have to introduce:

1. Anapproximation tothe masbody wave functiorq]

2. An effective (phenomenologicalycleonnucleon interaction

or use some renormalization/regularization technique for

arealistic nuclear forcl = barie o NN )i nt eracti on
dealing with the strong repulsive core

Y then directly solve the problem by a rigorous magy theory

Y which is classified as (beyondthe scope of my lecture.



B®. The HartreeFock theory

D.R.Hartree(18971958 V.A. Fock(18981974)

Douglas RayneHartree https://www.hartree.stfc.ac.uk/Pages/DoudaynerHartree.aspx
Vladimir Aleksandrovich~ock https://mathshistory.sindrews.ac.uk/Biographies/Fock/



https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://mathshistory.st-andrews.ac.uk/Biographies/Fock/
https://mathshistory.st-andrews.ac.uk/Biographies/Fock/
https://mathshistory.st-andrews.ac.uk/Biographies/Fock/

1 page summary of the HF theory

Many-body wave function isapproximated by a single Slater determinant

_ ([H|w)

- {(v|w) OF

HF approximation

1
Vi det{¢i(z;)}

{EHF - i (<¢i|¢j> — %ﬂ =0

Z

\I’%(I)(.’L‘l,...

,TN)

5
09} (r)

Constraints on the orthonormal propert)
of the singleparticle wave functions.

Y q are the Lagrange multipliers.

Unrestricted variation

5(¥]

The Schrddinger equation:

H|T) = E|¥)
0

The Hartree-Fock equation:

/fALHF(r, )i (r')dr'

cidi(r)

where

Singleparticle Hamiltonian:
. K2
hup(r,r') = [—%Vz + Tu(r)|o(r — ") — Tp(r,r’)
Hartree potential (direct term):
Tu(r) = /@(r,r’)p(r’)dr’

Fockpotential (exchange term):

N

plr.r') = 3 0ulr)i ()

Tr(r) =o(r,r)p(r,r")

\
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For further learning please refer to textbooks, e.g.:

Greiner
Maruhn

P. Ring
P. Schuck

The Nuclear .
Many-Body Problem SI l(J)C])Ii]IiA;R

) Springer

U A standard textbook for nuclear theorists. U A pedagogical textbook on nuclear theories.
Pros. It covers lots of subjects, like a dictionary. Pros. Easy to read. Details are explained in exerc

Cons.Information is limited, requires some effort Cons.lIt covers limited subjects than Rk®jc h u ¢
to fU”y understand all between lines and equations. *Links to amazon.com have been embedded in the book pict



https://www.amazon.com/Nuclear-Many-Body-Problem-Theoretical-Mathematical/dp/354021206X
https://www.amazon.com/Nuclear-Models-Walter-Greiner/dp/354059180X

B®. DFTinatiny nutshell

)




What is DFT?

A theory which gives us access to thexactsolution

Equivalent!
(for a special EDF) H‘I’(”'la ., PN) = EV¥(re, ..., 7N)

a Body Problem

Quantum Many-

- Kohn-Shamequation

[——V2+v Ié :|(b1 = &; gbi('r)
g This IS thek keyI

U —Zld)z

-
td ‘\

w.f. is a functional of density

P. Hohenberg and W. Kohn, Phys. Rel 35, 864 (1964)
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The existence was proven, but its shape is unknown..
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CAUTION!

The existence was proven, but its shape is unknown..

n | nver4§ehalm©hn

1 auantum Man

y-Body Problem




CAUTION!

The existence was proven, but its shape is unknown..

n | nver4§ehah<n©hn

¥ %wmﬂvﬂﬁwtj - problem
a ? } Quantum Ma:}1y Body

 —

Developing better functionals is
an important subject in nuclear theory!

+ ’
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Great Success of the Density Functional Theory

Number of publications
12000

L : N
The Nobel Prizeiin Chemistry 11998 10000

8000

e

6000
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2000

0

n ™~ OO o NN OO D NS0 N M
N IS IS 00 0 00 60 00 O O O O O O © ©O © © o
a 0O 0O 6O OO OO OO OO O OO OO O) O O O O O O O
™ ™ o o e - NN NN N NN

A. Galanoand J.R. Alvarezdadoy J. Compt. Chen85, 2019 (2014)

Si crystal

= - .
: 00a+000 25e-002 50e-002 75a-002 10e-001
C-Z. Gao et al., Y. Shinohara, K. Yabana, Xawashita J-|. lwata, T.Otobe and G. F. Bertsch,

J. Phys. B: At. Mol. Opt. Phy48, 105102 (2015) Phys. Rev. B2, 155110 (2010)
as of June 20, 202

P. Hohenberg and W. Kohn, Phys. RE36, B864 (1964) % 42,382 citations!

The seminal papers on D o
W. Kohn and L.J. Sham, Phys. R&40, A1133 (1965)% 50,549 citations!



Then, how It works?



DFT in Nuclear Physics

All nuclei can be described with asingle EDF

S

(D)
_g e
S f
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Neutron number
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DFT in Nuclear Physics

All nuclei can be described with asingle EDF

Neutron star

S
<)
- | f
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Neutron number
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Interacting Plot of Atomic nuclei & Computed ShapeACS

Center for Computational Sciences (CCS), University of Tsukuba
https://wwwnucl.ph.tsukuba.ac.jp/INPACS/

abib

FEIX e > JEHA %

Interactive Nuclear Chart & Periodic Table

®)

EF#% (Nucleus)
SFR—/\ (Details)

[ [+

7t (Element) sm (B /A Samarium)
[5F& - EF 2 (Proton and neutron numbers) 62 68
NR—HZERE (Beta deformation) 0.38
B> YERE (Gamma deformation) 0
N\EBZRE (Octupole deformation) 0
5
?
54
3t
o |
o
o
3
r
3
(=
3
o
[0
a

BEF D15 F shapes of Nuclei
[El#En] | "Rotatable”

FHEFE Neutrons numbers


https://wwwnucl.ph.tsukuba.ac.jp/InPACS/

What 0s behind t he v

Y HohenbereKohn theoren& Kohn-Sham scheme




DFT in a tiny nutshel b23nbekghn theorem

Assumption: S, e
H:T+V+‘/:ext H:T+V—|—V:axt
Two different wave function¥  ant’ . N e
provide the same oreody densityp(r) H|V) = E|V) H'|V') = F'|¥')

Now, one finds: X X
E = (U|H|¥) < (V|H|T')

= (W[H']T) + (' [Ve = Vi ')

— B4 / p(r)[vexs (1) — vl (M)A * * * (a)
However, one also gets:
E = <,l,f ["{/ ([J!> < <\IJ f{f \If>
= B+ [ p0lhar) —vaa(ldr (b)

2

[@h@) E+E <E+E 7

P. Hohenberg and W. Kohn, Phys. RE36, B864 (1964)
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DFT in a tiny nutshel b23nbekghn theorem

Now, one finds:

E:(xp’ﬁ’\p><<\p”ﬁ’@’> ireductio a & sur
= (V|H'[V") + (¥ |Vexs = Via| )
=B+ [ plr)los(r) ~ola(ldr 0 fa)
However, one also gets:
E' = (V|H'|9) < (V|H'|V)

B+ / p(1) [V (1) — Ve ()] dr (b)

[@hb) E+FE <E+E 7

P. Hohenberg and W. Kohn, Phys. RE36, B864 (1964)

Wed., Dec. 3, 2025
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DFT in a tiny nutshel b23nbekghn theorem

The 1st HK theorem:
Thereisaomo-one correspondenc @eb;e(r)we

Now, one finds:

E:(xp’ﬁ’\p><<\p”ﬁ’@’> ireducti o aG@ absur
= (W[H'|T) + (¥ Vext = Vi | W)
=B+ [ plr)los(r) ~ola(ldr 0 fa)
However, one also gets:
E' = (V|H'|9) < (V|H'|V)

B+ / p(1) [V (1) — Ve ()] dr (b)

m’a» E+FE <E+E 7

P. Hohenberg and W. Kohn, Phys. RE36, B864 (1964)

Wed., Dec. 3, 2025

(TD)DFT for Nuclear Structure (and Dynamics)

K. Sekizawa (Science Tokyo)



DFT in a tiny nutshel b23nbekghn theorem

The 1st HK theorem:
Thereisaomo-one correspondenc @eb;e(r)we

——

The onebody density can be the fundamental degree of freedom!

7 N
The 2nd HK theorem:

SE HK
®» q can be written UassU[a f undt €omat <0_F>p(T)
B> Any observables can be written as a functionglof O[] = (W[p]|O|¥[p])

» Minimization of EDF with respect to} will provide E . and} !

~

H

W[p]) : Energy Density Functional (EDF)

Egs. = Elpg.s] = min [ min Elo] ]

K. Sekizawa (Science Tokyo) (TD)DFT for Nuclear Structure (and Dynamics) Wed., Dec. 3, 2025



DFT in a tiny nutshel Kaf25ham scheme

Kohn-Sham scheme makes DFT computationally solvable

W. Koh d L.J. Shan®hys. Rev140, A1133 1965\
Kohn-Sham scheme: ohn an anhys. Rev140, (1965)

V The EDF of the manyody system:
Elp] = (¥|p] ]ﬁ]\lf[p]) This contains all necessary info to get the mbaagly ground state
V Let usrewriteit as:

5 N
E[p]:/drzﬁ—2|v¢i(r)|2+El[p] E6 i s the rest -bobykiBdidtern X c
m
1=1

V Taking the variationv.r.t. singleparticle orbitals,
J

507 {E[P] — kal (<(/)k’(/)l> — 6;;5)] —0

ki

Vs (T)

one finds:
hz
[—2—V2 + v, [p(fr)]] ¢i(r) = <i¢i(r) : Kohn-Sham equation
m
Kohn-Sham potential: Onebody density: Kohn-Sham orbitals:
OE' al .
vslo(r)] = 2212 o) = 0x(r)P 4i(r) (i=1,..N)
p —
k i=1 J
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May the DFT be with you..

The Jegeof DFT

b "
. - N
’ - N 2
- A SN\
’ - \ \ K,
..‘V - \ >
o g \ »
3 ) @ > - -
v 4 B a4
S (. 5
.

A\

-

4
\’f\

.

ff' S

N rlncipl,
It1S an exactapr ach

(ifgwe find the universal EDI

Anakin Skywalkerhttps://starwars.fandom.com/wiki/Anakin_Skywalker



https://starwars.fandom.com/wiki/Anakin_Skywalker

May the DFT be with you..

InYprinciple,

itiSTane xactapproach..

(ifgve find the universal EDI

Skywalkerhttps://starwars.fandom.com/wiki/Anakin_SkywalkBarth Vaderhttps://www.eiganohimitsu.com/1810.htn



https://www.eiganohimitsu.com/1810.html
https://starwars.fandom.com/wiki/Anakin_Skywalker

Q. What are difference and relevance betweer
HartreeFock theory and DFT?

A HFIDETy 'buteo HE wi t h
I'nter act i-ono = mayShdameDFT ¢



In electronic systems:

A

H = Kinetic + Coulomb+ Coulomb

btw electrons from ions

The interaction izery well known:)

In nuclear systems:

oSomet hing

NN interaction

H — KinetiC—|— COUIOmb—|— 3-body interaction

LS, tensor, ...
btw protons repulsive core ...




Hartre€ock theory with an effective interaction

U In practice, &Zerorangeeffective NN interactionhas been applied

Skyme (zero-range, contacttype) effective interaction N

T+ Ty
)

)

- . - 1 _ A
vij = vU(rio;, i“jcfj} = 1p (1 + Inpg)ﬁ(?‘g — ?‘j) + Ef—[g pa( )(1 + l’:;pg-)ﬁi'l‘g — ?‘j}

+ Etl (l + I[PU) {5{?‘;‘ — 'J‘jjlk? + f"."‘zé{?‘i — T‘j)}

+ i‘f_}(l + ;I?Qﬁg)f:?: . (’5(?’1 — ?‘;)ﬁc 4+ 1iWy (0'1 4 f,rj) . {ﬁ’.; X 5(?‘1' — Ij}’l}

Spin exchange operator: Relativewavevector operator:
. 1 - V;, -V,
PU:—(l-I-O'i-O'j) kZQ—J

1

2
(k'isaC.C. ok acting to the left)

to.a Xo.5 U andW, are parameters, which are
adjusted to reproduce known nuclear properti@s.

A

Then, the resulting HF energy becomadsinctional of variouslocal densities
Espr = <(I)’Ii[8kyrme |(I)> — E[p T, vﬁ): VQP: J .. ]

*It looks as if there are only local (direct) terms, but it contains the exchange terms.

K. Sekizawa (Science Tokyo) (TD)DFT for Nuclear Structure (and Dynamics) Wed., Dec. 3, 2025



Hartre&ock theory vs. DFT

Regarding Egyyme

Unrestricted variation
Schrodinger eq:
H|¥) = E|¥)

so, of course, HA DFT

Variation for a Slater determinant
Hartree-Fock eq:

(_ﬁ_zvz + FH(r)) hi(r) + /I‘F('r: r')pi(r')dr’ = eidi(r)

*Integro-differential eq.

2m

Orthonormal condition:

(piles) = i

Slater determinant;

d(ry, ... det{¢;(r;)}

1
v N!
Hartree potential (direct term):

Tu(r) = /fu(r,r’)p(fr’)dr’

,TN) =

Fockpotential (exchange term):

Ce(r, ') = v(r,r') Z di(r) ot (v

as an EDF, Skyrme-HF eq. may be regarded as KS eq. in DFT

Unrestricted Variation
SE
AW

Variation
for a Slater det

OE
0¢;

=0

L (el
(¥|w)
- h?
H = — +Z v(ri,r;)
% 2m 1<J

)

Wed., Dec. 3, 2025
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SkyrmeHartree-Fock vs. DFT

U One may also regaiskyrmeTDHF as TDKS in TDDFE

Unrestricted variation

Schrodinger eq:
H|¥) = B|Y)

Kohn-Shamequation:

[_j—mvz + s [0(r)] | 01(r) = <5 ()

Variation for a Slater determinant

Hartree-Fock eq:

(_ﬁ_zvz + FH(r)) hi(r) + /I‘F('r: r')pi(r')dr’ = eidi(r)

2m

*Integro-differential eq.

Regarding Ege as an EDF, Skyrme-HF eq. may be regarded as KS eq. in DFT

Unrestri}t.e.d.\/aiiation
” SE ~
/7 \

/ o* \

(

Skyrmeief f ect i ve
ij = to(1 + 2o Py )d(r) + %tgpo‘(R)(l + 23P,)0(r)

1 ) R L
—|—§t1(1 +x1 ) [6(r)k? + K25(r)] 4+ ta(1 + 22P5 )k - §(r)k

*fo.aMXds, Br apdidate theoparaineters
T

R =

~

+iWo(6; + &5) - [k x 8(r)k]

(7‘1' -|-T'j)/2 .
k=(V,-V;)/2:

T.H.R. Skyrme Philos. Magl, 1043 (195@

=r; —r; . Relative coordinate
C.M. coordinate

Relative momentum op.

P, : Spin exchange op. D

Skyrme-Hartree-Fock eq:

ESkyrme = <(I)’ﬁ8kyrme’q)> = E[pa TajaS:Ta J/ﬂ/]

—:—v bi(r, o) Zr

oo’

(blraj

a *E is a functional of various densities

- 5i¢i(ra J) o

: SE 0,
; (55(\ ()‘();k(T‘ O’)

* 3y stands here for various densities

Wed., Dec. 3, 2025
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Do you understand:

V HF theory approximatas| by a single Slater det.
V InDFT,l E[O¢ ]providesOgg& ¢ gg

V Therefore:HF Theory DFT !

If yes, please raise your hand! ;)

+
i



Now, you all are regarded as candidate:
ADFT maf i ac
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Whee \no sy oou | sqay Yoouldl DR 0 vorysoiu

(not wave functions!)

I i 1 [SROL [UNCHOL
(e.g.,s.p.wis & s.p.energies, expectatior
values of operators, .configuration mixing, generator
coordinate method (GCM):-Ipexcitations'&RPA; etc.)

' T you dirsguies d Mhemmey o
you are welcome to jein the DF T matfig)



B®. TDDFTin atiny nutshell

)




RecallWhat is DFT?

A theory which gives us access to thexactsolution

Equivalent!
(for a special EDF) H‘I’(”'la ., PN) = EV¥(re, ..., 7N)

a Body Problem

Quantum Many-

- Kohn-Shamequation

[——V2+v Ié :|(b1 = &; gbi('r)
g This IS thek keyI

U —Zld)z

-
td ‘\

w.f. is a functional of density

P. Hohenberg and W. Kohn, Phys. Rel 35, 864 (1964)
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What is TDDFT?

TDDFT is a timedependent extension of DFT

TDSE for anN-body system

ih%qj(rla"'arf\rvt):ﬁw(rl""’rN’t) ))

—

|T(t)) = [¥[p(t)]) for all time

pexact(r: f) — Pxks (r? IL)

to Time
@ >
TDKS eq. in TDDFT
_ 8(%(7‘,??) ﬁZ ) [[ /UKS (T',t)
w2t 0 ol )| )
m ))

E. Runge and E.K.U. Gross, Phys. Rev. L%2{.997 (1984); R. vaheeuwen Phys. Rev. Leti82, 3863 (1999).
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TDDFT in a tiny nutshatig&rostheorem

E. Runge and E.K.U. Gross, Phys. Rev. L&#.997 (1984
Onebody current density: TDSEs:

p(r,t) = N/drg . -/drN]lI/(t)F j(r,t) = % fdrz e /drN[‘I'*(t)V\II(t) — U (t)VE* ()] zﬁ%_‘f = HVU iﬁa;;,

Onebody density:

— I:I/\IJ/

U=U(r,...,rN,t) H=T+V + Vo
H=T+V+V

ext

The rate of change of the current density reads:

—8'7 —N ] * * & ] * o %] o > >

T m/dTQ"'/drN{(H‘I’) VU —U*V(HVY )+ (HY)VV* -V V(HV) } (a)
8_‘jl = i /drz .. ,de,N {(H’W,)*V\If’ i \I,/*V(I:[/lpf) + (IA{/\DI)V\P’* o \IJ/V(H/II]/)*} > (b)
ot 2m

m Sl =3 0)] = = )V ()~ vl m] | ()

7 o(0)

*One can obtain equations for highander derivatives in the same manne

4 As in the case of static DFT, we have a TDKS schea
according to the following on®-one correspondences:

R TDSE RG
L HO) & W) & ) & p(r 1

v

J

*Taking divergence of Ed.() and using the continuity equation, one can obtain equations for the de%tyF V-37=0
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TDDFT in Nuclear Physics

TDDFT is a versatile tool!!

Vortex-nucleus dynamics

500
400
E 300
© 200
100
12 16 20 24 Phys. Rev. Lett117, 232701 (2016)
E [MeV] G.WI a z § ,Kvs RMagierskij A. Bulgag and M.M. Forbes
Phys. Rev. B4, 051309(R) (2011)
|. Stetcy A. Bulgag P.Magierski and K.J. Roche LOW_energy hea\/yion reactions

. Time Ap =
Induced fission of?4%Pu e'e ’ 7(;

ime= 12235.5 fm/c I %

Phys. Rev. Lettl16 122504 (2016) Phys. Rev. Lett119, 042501(2017)
A. Bulgag P.Magierski K.J. Roche, and Btetcu P.Magierski K.S.,and GWI a z § o ws
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